ARTICLE IN PRESS

Prog. Polym. Sci. 33 (2008) 683–731
www.elsevier.com/locate/ppolysci

Theories and simulations of polymer-based nanocomposites:
From chain statistics to reinforcement
Giuseppe Allegraa, Guido Raosa,, Michele Vacatellob
a

Dipartimento di Chimica, Materiali e Ingegneria Chimica ‘‘G. Natta’’, Politecnico di Milano, Via L. Mancinelli 7, Milano 20131, Italy
b
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Abstract
A survey of the present understanding of particle-ﬁlled polymers is presented, as obtained from either theoretical or
computational approaches. We concentrate on composites in which the nanoparticles are either spherical or statistically
isotropic aggregates, and the matrix is a homopolymer melt or a cross-linked elastomer. Recent progress has been
prompted by the preparation and careful characterization of well-deﬁned model systems, as well as by theoretical
developments and the application of computer simulation to increasingly realistic models. After an introduction providing
the main motivations (Section 1), an overview of the basic phenomenology and recent experimental results is presented
(Section 2), with special emphasis on the Payne effect and related aspects. In Section 3, we discuss results of equilibrium
molecular dynamics and Monte Carlo simulations of polymer chains in the presence of nanoparticles. After a concise
theoretical description, these are compared with those obtained from integral equation and density functional approaches
(Section 4). The molecular origins of the inter-particle-depletion interaction are discussed, as well as the phase-separation
diagram of the nanoparticle/polymer system. The related issue of polymer chains and networks compressed between planar
surfaces is also dealt with. In Section 5 simulations and theories of polymer dynamics at the interface are discussed, with
special emphasis on the effects of surface roughness and on the vicinity of the glass transition. In Section 6 the overall
viscoelastic response of polymer nanocomposites is considered, both from the point of view of molecular-level simulations
and of continuum mechanics approaches. The concluding remarks (Section 7) discuss some of the open challenges in
the ﬁeld.
r 2008 Elsevier Ltd. All rights reserved.
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1. Introduction and scope
The aim of this review is to provide a survey of
the state of our understanding of the behaviour of
particle-ﬁlled polymer—especially melts or crosslinked networks—with a special emphasis on recent
results and insights from either theoretical or
computational approaches. In order to provide
some background information, recent and not-sorecent experimental results will be brieﬂy discussed
as well, but in this case we do not aim at
completeness and generality.
‘‘With the exception of vulcanization, no process
in the rubber industry is more important or as
widely practiced as the reinforcement of elastomers
by particulate ﬁllers, especially carbon blacky The
incorporation of a colloidal material into a high
polymer with subsequent conversion to a ﬁlled
network by vulcanization leads to a system of great
complexityy It is not surprising, therefore, that the
very mechanism of reinforcement is still not
completely understood and that certain aspects of
it are subject to various interpretations which are
not entirely consistent with one anothery’’ Thus
wrote 40 years ago Gerard Kraus, in his preface to
the book ‘‘Reinforcement of Elastomers’’ [1]. Many of
these statements could have been written today. It is
certainly true that the ﬁeld of rubber reinforcement—

or, more generally, polymer modiﬁcation by dispersion of solid particles—has retained all its importance. The observation that, other things being
equal, the effectiveness of the ﬁller increases with
the increase in their surface/volume ratio has
provided impetus to the shift from micron- to
nanosized particles. In fact, the study of polymerbased nanocomposites has experienced explosive
growth over the last decade and may be rightfully
considered as an important branch of the emerging
ﬁeld of nanotechnology. Progress has been pushed
forward by the development of new materials such
as precipitated silica, which has been increasingly
used alongside carbon black as the ﬁller of choice in
‘‘conventional’’ applications such as automotive
tyres. The introduction of even more unconventional ﬁllers, such as carbon nanotubes, metallic,
semi-conducting or magnetic nanoparticles and clay
platelets promises to open a vast array of completely
new applications for polymer-based nanocomposites [2–5]. Some of these building blocks can be
produced with precisely controlled sizes, shapes and
effective interaction potentials (including polyhedra,
stars, patterned spheres, etc.), and as a consequence
they have the potential to assemble into a wealth of
complex patterns [5]. Their use in conjunction with
self-assembling block copolymers can result in
ordered hierarchical structures with signiﬁcantly
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enhanced properties, compared to those with
‘‘randomly’’ dispersed particles [5–7]. Sometimes,
the nanoparticles actually drive the microphase
separation of the block copolymers towards new
or unexpected morphologies. See Refs. [8–14] for
representative theoretical studies of these systems.
Here we shall concentrate on the description of
more conventional composites, in which the nanoparticles are either spherical or statistically isotropic
aggregates of spherical particles (carbon back), and
the matrix is a homopolymer melt or a cross-linked
elastomer. Nanocomposites with semi-crystalline
polymers (possibly also semi-conducting: to date,
the most efﬁcient organic photovoltaic cells are
based on blends of polythiophenes and fullerene
nanoparticles [15]) or hydrogels [16] will also be
excluded. So far they have received little attention
from the theoretical and computational points of
view, but due to their importance and their
challenging level of complexity we expect that they
will soon start to be the subject of intensive study.
Similarly, we shall concentrate mostly on the
mechanical properties of the nanocomposites.
Thermal, electrical and gas-transport properties,
which are also important and even simpler from
some points of view, will be left out to keep the
review within reasonable limits.
Going back to Kraus’ words [1], it is certainly
true that the elastomeric materials obtained by
incorporation of ﬁllers (together with several other
minority components) and subsequent cross-linking
still represents a complex system by many standards. Still, in the latest years we have witnessed the
emergence of a certain consensus about the basic
mechanisms of elastomer reinforcement by ﬁllers,
including the way it is affected by particle size,
degree of dispersion, surface modiﬁcation, etc. The
credit for this progress goes to important advances
in the preparation and careful characterization of
well-defined model systems, but also to theoretical
developments and the application of computer
simulation to increasingly realistic models. We
emphasize that, even though the experiments have
been given precedence within the outline of this
review, these developments have occurred simultaneously and there has been a two-way exchange
of ideas among theorists and experimentalists.
Thus, it is quite appropriate to say that progress has relied on an fruitful interplay of experiment and theory/simulation, following a pattern
which has characterized the whole history of
polymer science [17]. The aim of this review is to
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present these recent developments, highlighting not
only the successes but also the ‘‘failures’’ which, to
the optimistic mind, represent the open challenges in
the ﬁeld.
Several related reviews have been produced in
recent years by Heinrich, Vilgis and coworkers
[18–21]. These concerned mostly theoretical developments (i.e., analytical calculations, scaling analyses [22], etc.), while the present review gives
greater emphasis to recent computer simulation
work, thus providing a complementary view of
the ﬁeld. We stress that, while computer simulation of nanocomposites has become a relatively
‘‘hot’’ topic over the last 6–7 years, theory still
plays an important role as a support to both
experimental and computational work. Furthermore, theory can address time- and length-scales,
which are still not accessible to conventional
computational approaches. For example, all the
simulations to be discussed here consider spherical
or near-spherical nanoparticle geometries. At present, all the important issues related to the fractal
structure of carbon black or silica aggregates can
only be addressed by the not-so-old-fashioned
theoretical tools.
The general outline of this review is as follows:











Section 2: Illustration of ‘‘classic’’ results on the
linear and non-linear viscoelastic properties of
ﬁlled elastomers, together with a brief overview
of recent experimental results obtained by
applying innovative characterization techniques
(solid-state NMR, high-resolution microscopies
or scattering methods, for example) on welldeﬁned model systems.
Section 3: Monte Carlo and molecular dynamics
simulations of the equilibrium behaviour of the
polymer chains within the matrix (chain conformation and packing at the interface with the
ﬁller, for example).
Section 4: Molecular-scale theories of the equilibrium behaviour of polymers in nanocomposites
and narrow slits, including also the equilibrium
distribution of the nanoparticles.
Section 5: Molecular-scale computer simulations
and theories, describing the dynamical aspects of
polymer chain behaviour in nanocomposites
(reduced or enhanced chain mobility and alteration of the glass transition temperature next to a
particle surface).
Section 6: Molecular, mesoscopic or continuumlevel approaches towards the calculation of the
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overall viscoelastic response of the polymer–
nanoparticle composite.
Section 7: Conclusions and perspectives.

2. Overview of the basic phenomenology and recent
experimental results
The dispersion of micro- or nano-scale rigid
particles within a polymer matrix often—but by
no means always—produces an enhancement in the
properties of these materials [1–3,23–27]. As mentioned in the Introduction, the most important
application of this sort involves rigid colloidal
particles (originally carbon black, later also silica)
in a cross-linked elastomer matrix, where an
improvement of mechanical properties is sought.
This so-called ‘‘rubber reinforcement’’ is a complex
phenomenon, which may involve an enhanced grip
of tyres on wet roads, an improved resistance to
wear and abrasion, and an increase of its ultimate
mechanical strength (toughness, tearing resistance).
The latter problem has recently started to be
addressed also by computer simulations [28]. For
the purpose of the present review, however, we shall
be mostly concerned with gaining an understanding
of two basic facts:
(a) under very small cyclic deformations, there is a
linear viscoelastic regime characterized a very
signiﬁcant increase—by one, sometimes almost
two orders of magnitude compared to the
reference unﬁlled network—of the in-phase
storage modulus, both under elongation (E0 )
and under shear (m0 , alternatively indicated also
by G0 );
(b) at medium-to-large strains, the system has a
markedly non-linear response which is absent in
unﬁlled elastomers (‘‘Payne effect’’). The degree
of non-linearity increases strongly with particle
loading. An order-of-magnitude drop in the
modulus is often observed on going to 5–10%
deformation (under shear), bringing the asymptotic modulus of the ﬁlled systems much closer
to those of the reference unﬁlled network.
These phenomena are illustrated in Figs. 1 and 2 for
two completely different systems, thus demonstrating their ubiquity. Very similar phenomena are
actually observed in cross-linked elastomers and in
particle-ﬁlled polymer melts, which are of interest in
the context of rubber processing [27]. As will be

Fig. 1. Strain-dependence of the shear storage moduli of a crosslinked styrene–butadiene rubber ﬁlled with N234 carbon black at
different loading levels (in phr: grams of ﬁller per 100 g of
polymer). On the abscissa, DSA stands for ‘‘double strain
amplidude’’. Reproduced with permission from Wang [26],
copyright (1998) of the Rubber Division, American Chemical
Society.

clear shortly, this near-universality does not necessarily imply a universal explanation, or that this
explanation is universally accepted. In fact, this is
precisely the main point for arguments. Many
research efforts have been devoted to devising ways
of reducing the Payne effect (b), without compromising (a) or other important material properties.
Other related effects are commonly observed in
ﬁlled elastomers. One is deformation hysteresis
(‘‘Mullins effect’’): under cyclic deformation, the
elastic modulus in ﬁrst cycle is higher than that in
the following ones. This points to some kind of
‘‘damage’’ of the material, which, however, is often
reversible. The original properties are recovered
within a few hours, by high-temperature annealing
of the sample. Secondly, ﬁllers affect also the
dissipative, out-of-phase components of the modulus (E00 and m00 ). This is expected, since
(for example) friction of the polymer chains against
the ﬁller surfaces or of two particles against each
other produces new energy dissipation mechanisms,
which are absent in unﬁlled elastomers. Elastic and
dissipative effects likely share a common origin, as
demonstrated by the fact that the height and
position of the maximum in m00 (as a function of
strain) is related to the magnitude and position of
the drop in m0 . Finally, reinforcement effects have a
remarkable temperature dependence. The smallstrain (linear) modulus m0 of ﬁlled rubbers decreases
with temperature. This points to important enthalpic effects, such as ‘‘bonds’’ or ‘‘interactions’’ which
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Fig. 2. Strain-dependence of the shear storage moduli of a poly(vinyl acetate) melt ﬁlled with fumed silica particles at different loadings,
measured at 90 1C and 5 Hz. Reproduced with permission from Sternstein and Zhu [33], copyright (2002) of the American Chemical
Society.

are broken or loosened on going to progressively
higher temperatures. The situation is completely
reversed compared to unﬁlled elastomers, where the
modulus increases linearly with absolute temperature due to the entropic nature of rubber elasticity.
Enthalpic interactions must also be summoned
to stabilize nanoparticle dispersions in polymer
melts against re-aggregation. The reason is that
entropy actually works against dispersion, mainly
because of the polymer-mediated ‘‘depletion attraction’’ among the particles (to be discussed in the
Section 4).
One way or the other, most of the arguments
about the origin of rubber reinforcement and its
non-linear behaviour have been about the precise
nature of these enthalpic interactions. The ‘‘textbook interpretation’’ was ﬁrst proposed long ago by
Payne himself (see e.g., Chapter 3 in Refs. [1,23]).
According to this model, particle– particle interactions (van der Waals, hydrogen bonding, or other
[29]) produce the main part of the reinforcement at
small strains. The breakup of the ‘‘secondary
network’’ formed by the ﬁller particles is also
responsible for the softening of the material at
moderate-to-large strains. Eventually, at large
strains all these interactions are disrupted, thus
bringing the modulus close to that of the unﬁlled
network. This interpretation was ﬁrst formalized
within a theoretical framework by Kraus [20,30]

(see Section 6). Recently, this particle–particle
picture has been increasingly challenged, ﬁrst by
Maier and Göritz [31] and later by others. Because
of these disagreements, it is important to distinguish
between the ‘‘Payne effect’’ and the ‘‘Payne interpretation’’ of this effect. These Authors [31]
suggested that strain softening (including its frequency and temperature-dependence) could be
explained by a dynamic adsorption/desorption
process of the polymer chains at the interface with
the ﬁller. Even though this picture may not be
necessarily correct or apply to all situations, it
makes a strong point by putting much greater
emphasis on polymer– particle interactions. Their
importance has been increasingly appreciated,
especially since the introduction of surface modiﬁcations of silica particles to enhance their compatibility with hydrocarbon polymers (no modiﬁcation
is usually necessary in the case of carbon blacks).
Unfortunately, it has proved difﬁcult to reach a
consensus because it is very difﬁcult to discriminate
clearly between polymer–polymer and polymer–
particle interactions, since surface modiﬁcation
of the particles inevitably affects both of them
[29]. Instead, compared to experimental studies,
computer simulation has the appealing feature of
allowing ‘‘virtual experiments’’ in which these
components are varied independently in welldeﬁned way.
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Fig. 3. Liquid-to-solid-like transition in silica-ﬁlled melts of poly(ethylene oxide), as evidenced by plots of G0 (o) in the linear regime
(small strains). The ﬁgure shows the effect of particle volume fraction (S0.5 to S4 indicate ﬁller contents from f ¼ 0.5% to 4%), for a ﬁxed
polymer molecular weight (P189 indicates a polymer sample with Mn ¼ 189,000 g/mol). Reproduced with permission from Zhang and
Archer [34], copyright (2002) of the American Chemical Society.

A related thread of arguments concerns the
appropriate level of description for these systems.
Can reinforcement be understood under the continuum hypothesis, or is the molecular nature of the
matrix important? The Payne interpretation, being
based on particle–particle interactions, is insensitive
to molecular-level details. Indeed, Payne himself
had observed shear thinning also in carbon black
dispersions in short-chain hydrocarbons. For obvious cultural reasons, the continuum picture has
been popular also with mechanical engineers,
approaching the ﬁeld of polymer nanocomposites
‘‘from the top’’ (i.e., with a background in conventional composites with larger particles). Instead,
other authors have emphasized the importance of
(macro)molecular-level phenomena. Again for obvious reasons, this approach has been taken mostly
by scientists with a polymer background, approaching the problem ‘‘from the bottom’’. Can we
reconcile or ﬁnd a compromise between these
seemingly opposite views?
As mentioned in the Introduction, over the last
decade some of these long-standing problems have

started to be addressed by careful experimentation
on well-deﬁned model systems [32–38]. Signiﬁcantly,
all these studies concentrated on polymer melts
rather than networks—often with a narrow molecular weight distribution—and, with the exception
of Ref. [32], silica nanoparticles. Compared to
carbon black, silica has two important advantages
for fundamental studies: it has a simpler geometry
(it can be produced in spherical particles, sometimes
also nearly monodisperse) and it can be functionalized in different ways [24,38] to control its degree of
interaction with the polymer (i.e., compatibility to
enhance dispersion and/or mechanical coupling by
covalent or non-bonded interactions). Very low
particle loadings (less than 5% in volume, say) have
also been investigated, to study the particle–ﬁller
interface without the interference of particle–particle interactions. An example of the insights which
can be obtained in this way is given in Fig. 3, [34]
showing a transition from liquid-like (G0 ﬃo2) to
solid-like behaviour (G0 ﬃconst.) on increasing the
particle volume fraction. Increasing the polymer
molecular weight lowers the particle volume
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Fig. 4. Relaxation modulus of a ﬁlled elastomer (PB with
MW ¼ 11.6 kg/mol, ﬁlled with silica at f ¼ 17%), following an
instantaneous shear deformation (from 0.5% to 15%). Reproduced with permission from Zhu et al. [37], copyright (2005) of
the American Chemical Society.

fraction at the transition. This can be as low as 2%,
for a high-molecular-weight polymer. A likely
explanation put forward by these [34] and other
Authors [32,37], is that the systems turns solid-like
when the polymer chains are long enough to form
long-lived bridges between the particles, which
effectively behave as highly functional cross-links.
Another example is given in Fig. 4, showing the
time-dependent response of a silica-ﬁlled butadiene
(PB) melt obtained in a stress-relaxation experiment
[37]. This system also exhibits a liquid-to-solid-like
transition with particle content, as probed by linear
viscoelasticity. When subjected to an instantaneous
shear deformation of at least 5% (i.e., in the nonlinear regime), the system responds by a welldeﬁned two-step process. The ﬁrst process has been
identiﬁed with particle displacements roughly following the macroscopic deformation, and the
second one with the ordinary linear relaxation as
seen in small-strain experiments. This may involve
both small adjustments in the particle positions, and
the relaxation of the polymer chains to the new
equilibrium conﬁguration.
Going back to particle–particle and polymer–
particle interactions, a lot of direct experimental
evidence has accumulated recently, demonstrating
their presence and its consequences in particle-ﬁlled
polymers. Friedlander and coworkers have used
atomic force microscopy (AFM) and high-resolution electron microscopies (SEM, TEM) to study
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individual ﬁller aggregates, their deformation and
breakup [39–41]. They argue that the measured
forces are of the correct order of magnitude to
explain the observed mechanical behaviour of
nanocomposites. Most of their measurements were
performed in vacuo (but see Ref. [40]). However, in a
polymer nanocomposite—especially one in which
the polymer and the particles are sufﬁciently
compatible—there should be few direct particle–
particle contacts. Most of these are likely to be
mediated by a (possibly very thin) intervening layer
of adsorbed polymer chains.
In the early days, the strength of polymer–ﬁller
interactions was gauged by the phenomenon of
‘‘bound rubber’’, namely the fraction of polymer in
an uncured compound which cannot be extracted by
a good solvent due to adsorption of the macromolecules onto the ﬁller surface [27,42–44]. Unfortunately, this is a very indirect measure, which
does not discriminate clearly between physical and
chemical interaction mechanisms, nor provide an
estimate of the interaction between the ﬁller and a
single-polymer segment (a long polymer chain may
have multiple adsorption sites). A more direct
measure of polymer–ﬁller interactions is provided
by inverse gas chromatography (IGC) [24,45,46], in
which the ﬁller is used as the stationary phase in a
chromatographic column. The retention times of
a whole series of small-molecule gas probes
(e.g., saturated or unsaturated hydrocarbons containing 1–10 C atoms) are correlated with their
adsorption energies on the ﬁller. A recent application of this technique has demonstrated the
existence of at least four types of interaction sites
on the surface of carbon black, with energies
between 16 and 30 kJ/mol [46].
Another manifestation of polymer–ﬁller interactions is the so-called ‘‘rubber shell’’ [26]. This is a
layer of polymer at the interface with the ﬁller, in
which the mobility of the chains is restricted in
comparison to those in the bulk at the same
temperature. It may be due to strong chain
adsorption, but also to an increased density of
entanglements due to polymer–ﬁller attachments. In
a polymer melt, its thickness should be roughly
comparable to the average radius of gyration of
the chains. This interfacial layer is certainly present
also in conventional polymer composites, but it
becomes increasingly important in nanocomposites, where the average chain radius becomes
comparable to average particle size and interparticle
spacing.
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Experimental evidence of the existence of a broad
distribution or even two distinct glass transition
temperatures (Tg’s)—one for the bulk polymer and
the other (usually higher) for the chains belonging
to this rubber shell—has increasingly accumulated
thanks to a range of methods, such as dynamic
mechanical thermal analysis (DMTA) [47], quasielastic neutron scattering (QENS) [48], solid-state
NMR techniques [49–52] and spectroscopy of
ﬂuorescent molecular probes [53]. Comparable Tg
shifts have been observed also in simple as well as
polymeric liquids conﬁned between closely spaced
surfaces or within nano-sized pores [54].
The rubber shell has implications for the MaierGöritz model [31] as well as other, non-conventional
interpretations of reinforcement, which localize the
Payne effect at the rubber–ﬁller interface. Sternstein
and Zhu [33] suggested that the Payne effect is
produced by the release of trapped entanglements at
the rubber–ﬁller interface, under large strains.
Lequeux, Montes et al. [35,36] proposed an even
simpler picture, in which the polymer is divided into
a rubbery bulk region (above its Tg) and a glassy
shell of thickness d close to the particles (below
its Tg). The boundary between them is represented
by the material whose glass transition coincides with
the actual measurement temperature. Within this
framework, strain softening arises from the plasticization of the rubber shell bridging neighbouring
particles. Note that this is a generic continuum
picture [35,36], which, unlike those of Maier and
Göritz [31] and Sternstein and Zhu [33], does not
invoke polymer-speciﬁc phenomena at the rubber/
ﬁller interface. Wang and coworkers [37] challenged
the universality of this interpretation, mainly
because of their observation of a signiﬁcant Payne
effect even at temperatures 100 1C above the Tg
of the unﬁlled polymer (1,4-polybutadiene) and
the dependence of reinforcement on polymer
molecular weight. They stressed once more the
importance of polymer bridges directly connecting
neighbouring particles, following earlier suggestions
by others [32,34].
Sample morphology—size, shape and above all
the degree of dispersion of the particles—is clearly
an important parameter for elastomer reinforcement. Nowadays, several methods have become
available which provide a direct measure of this
morphology. The simplest and most widely used
one is probably AFM. Transmission electron
microscopy (TEM) [45,55] can in principle provide
higher resolution, but requires more elaborate

sample preparation and careful data analysis to
avoid artefacts. Small-angle X-ray and neutron
scattering (SAXS, SANS) have also reached a high
level of sophistication. With modern instrumentation, it is now possible to probe extremely small
q-vectors, corresponding to structures above the
100 nm range [56–58]. Also in this case, interpretation of the scattering data to obtain the real-space
morphology is not straightforward. The analysis is
generally performed by ﬁtting the scattering data
with some pre-deﬁned functional form (structure
factors for spheres or fractal aggregates, for
example). Thus, data modelling is not automatic
and it requires the a priori deﬁnition of a structural
model. Reverse Monte Carlo techniques may
provide a more ﬂexible, robust and model-independent tool for the analysis of scattering data [59].
AFM and SANS/SAXS measurements have also
been performed on stretched samples [56,57,60].
Deformation at the scale of the ﬁller particles is
expected to be non-afﬁne (i.e., different from the
macroscopic deformation), to avoid particle ‘‘collisions’’ perpendicular to the direction of stretching.
This is indeed the case, as demonstrated by careful
AFM measurements tracking the motion of individual silica nanoparticles [60]. At large deformations,
the particles actually tend to form layers or bands,
oriented perpendicularly to the direction of stretching. In this respect, there is consistency between the
AFM [60] and SANS [56] or SAXS [57] measurements on silica- and carbon-black-ﬁlled elastomers,
which at relatively large loadings exhibit a characteristic ‘‘butterﬂy pattern’’ seen also in gels and
other heterogeneous soft materials. SANS measurements on partially deuterated polymer samples have
also been used to investigate the average conformation of the chains, both in the underfomed state
(are the chains unperturbed, as in unﬁlled polymer
melts?) [61] and stretched samples (do the chains
deform afﬁnely?) [62].
An interesting model study of nanoparticle
dispersion in macromolecular melts was recently
published by Mackay et al. [63]. In their experiments the polymer is linear polystyrene whereas the
nanoparticles consist of either branched, dendritic
polyethylene or branched polystyrene. The Authors
show that, in the homogeneous nanoparticle dispersions: (i) the system is thermodynamically
favoured if the radius of gyration of the linear
polymer is larger than that of the nanoparticle, and
(ii) under these conditions the polymer radius of
gyration increases, growing with the nanoparticle
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volume fraction. In the Author’s view, with long
chains the homogeneous system is favoured by the
enthalpy gain from polymer–particle interactions and the particles act as swelling solvent
molecules. If the chains are short, the classic
phase-separating blends may form; in the particlerich phase polymer–particle interactions still exist
due to accommodation of the chains in the interparticle voids.
In this brief summary of experimental results, we
have highlighted a number of general problems and
open questions, and also hinted at some possible
explanations. It is now time to turn to the main
subject of this review, namely the way in which these
problems have been addressed by theoretical and
computational tools.
3. Molecular-level simulations: equilibrium aspects
3.1. Introduction
Computer simulations of chemical systems consisting of conformationally rigid molecules in
disordered or partially disordered states (liquids,
solutions, sometimes even liquid crystals) are
limited today only by the availability of detailed
information on the forces acting between the atomic
centres. Given a suitable force ﬁeld, the molecular
dynamics (MD) and the Monte Carlo (MC)
methods [64,65] are normally quite efﬁcient for
equilibrating and sampling the system under study
at a given temperature and for evaluating the
properties of interest. When the system contains
large and conformationally ﬂexible species—as in
amorphous or semi-crystalline polymers—the simulation procedure becomes much less straightforward
[66]. On one side, the applicability of the MD
method depends on the intrinsic time scale of the
conformational transitions, so that the total time
that can be covered in a simulation may be
insufﬁcient to sample adequately all possible chain
conformations. On the other side, the efﬁciency of
the MC method is lowered by sample attrition
(i.e., the larger the change of molecular shape when
going from one conformation to the other, the lower
the probability that the transition is accepted due to
unfavourable interactions with adjacent molecules).
Simulations performed at the atomistic level are
then usually conﬁned to relatively short oligomers,
while continuum or lattice coarse-grained models
are used when the properties under study require the
simulation of longer chains [66].
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When attempting to simulate polymer-based
nanocomposites, one has to deal with two further
problems. Although current research efforts are
focusing on increasingly small nanoparticles, the
average ﬁller diameter in most materials of theoretical and practical interest is much larger than the
transverse diameter of the chains. Even using a
coarse-grained model, a simulated cell with nanoparticles of this size would contain an excessive
number of polymer beads for any practical volume
fraction of ﬁller. Therefore, simulations of polymerbased nanocomposites can be performed only with
relatively small particles. Furthermore, these simulations are scarcely useful if they do not provide
information on fundamental points such as the
nature of the polymer/particle interface, the conformational changes induced by the presence of the
particles, the average number of different particles
in contact with a given chain, the average length of
the polymer segments connecting two different
particles, and so on. Except for the polymer/particle
interface, that can be also studied by simulating the
polymer in contact with the surface of a single
nanoparticle or an inﬁnite ﬂat wall (equivalent to a
particle of very large radius), it is then necessary to
have a base cell with several (and consequently
smaller) nanoparticles. In practice, simulations of
this kind can be only performed for coarse-grained
models and for particles of diameter less than 20
times the diameter of the beads.
The second problem originates from the relatively
short length of the chains that can be simulated
(the simulation of cross-linked polymer networks
incorporating nanoparticles is of course even more
problematic than the simulation of ﬁlled polymer
melts and has hardly been attempted so far). While
the properties of polymer systems can often be
extrapolated from those of systems with chains of
various length, this is not viable for the most
relevant properties characterizing the molecular
arrangement in nanocomposites. In fact, systems
with the short chains that can be simulated contain
a more or less large proportion of free chains
(i.e., chains with all units far from the surface of any
particle) and/or of chains that are in contact with
only one particle and have thus long dangling
terminal segments. Since free chains and dangling
terminal segments are substantially converted to
bridge segments connecting different particles when
the chain length is increased, these simulations are
unable to provide reliable information on the
molecular arrangements in systems with chain
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length in the polymer range. Therefore, methods
based on phantom (i.e., non-interacting) chains
have been recently developed to study this important aspect of polymer-based nanocomposites.
The present part of the review is focused on
simulations of melts of chain molecules containing
discrete nanoparticles. The ﬁrst simulations of
systems of this kind have been independently
performed a few years ago by Starr et al. [67,68]
using MD and by Vacatello [69] using MC coarsegrained methods. Essentially similar models and
methods have been subsequently used in various
MD [70–75] and MC [76–80] calculations to explore
the effects of changing the size of the nanoparticles,
the ﬁlling density and the strength of the nanoparticle–polymer interactions. Atomistic simulations of
a silica nanoparticle embedded in a polymethylene
matrix have been performed using MD methods
[81]. Other MC simulations have been carried out
for coarse-grained chains on the cubic [82,83] and
on the tetrahedral lattices [84–87]. The MC method
has been also used for phantom chain simulations
with atomistic [76,88–92] and coarse-grained
[76,93,94] chains.
The simulation of polymers near inﬁnitely extended two-dimensional surfaces or conﬁned within
slits comprises a large body of work in itself, and for
this reason these are largely excluded from the
present review. However, they will be mentioned
later in connection with theoretical description of
chain packing close to a solid surface. The polymer
reference interaction site model (PRISM) [95–99]
and classical density functional theories (DFT)
[99–101] represent two important theoretical tools
for this type of problem. The former also provides
the basis for the theoretical calculation of the
polymer-mediated interaction energy between two
particles as a function of their relative distance
(the so-called potential of mean force or PMF). In
turn, knowledge of this PMF allows a exploration
of different scenarios and eventually calculation of a
full polymer–particle phase diagram (e.g., addressing the question of the miscibility of the two
components under equilibrium conditions). This
problem cannot be easily studied by neither MC nor
MD with present-day approaches and computational resources, mainly due to the fact that the
particles are necessarily limited in number and they
are virtually immobile over the time span of such
simulations. Unless they are very small, the particles
tend to retain the positions assigned to them at the
beginning of the simulations, independently of

whether this is an equilibrium or out-of-equilibrium
one.
3.2. Strategy of MD simulations
The systems simulated in Refs. [67,68] consist of
three-dimensional periodic arrays of cubic cells
containing a single-ﬁller nanoparticle in a melt of
chains of 20 monomers each. Here, as well as in
most other coarse-grained MD simulations, the
chains are modelled as sequences of Lennard–Jones
(LJ) centres. This is speciﬁed by a well depth e and a
bead diameter s. The LJ minimum is found at
rminﬃ1.122s. The beads are connected via ﬁnitely
extensible non-linear elastic (FENE) anharmonic
springs, characterized by a stiffness k and a
maximum extension R0 ¼ 1.5s [102]. Similar, but
stiffer FENE springs are used to tether 356 LJ
centres to ﬁxed positions, chosen to model the
icosahedral nanoparticle of diameter approximately
10 times the diameter of the chain units. Calculations are performed at various reduced temperatures for the reference pure melt (100 chains at melt
density), for ﬁlled systems with full monomer–
nanoparticle LJ interactions (100, 200 or 400 chains,
in order to model different volume fractions of
ﬁller) and for ﬁlled systems including only the
repulsive part of the LJ potential (400 chains in all
cases). The size of the base cell is chosen in the
various calculations such that the polymer density
far from the nanoparticle deviates in each case less
than 0.2% from the density of the pure melt. The
relative size of the various components in a 400
chains system is shown in Fig. 1.
An overall set-up similar to that of Refs. [67,68] is
used in the MD calculations of Smith et al. [70], in
which the chains are modelled as bead-necklace
chains of 20 LJ units with constrained bond lengths,
while the single nanoparticle placed in the base cell
is modelled as a nearly spherical array of the same
units, maintained rigid through the use of bond
constraints. Systems with repulsive, neutral and
attractive polymer–nanoparticle interactions are
simulated. Only the repulsive part of the LJ
potential is used in the ﬁrst case, while the strength
of the LJ nanoparticle–polymer interactions is
doubled in the latter case with respect to the
strength of the polymer–polymer interactions in
neutral systems.
An essentially similar model with a slightly
different set-up is used in the simulations of Hooper
et al. [71], aimed at checking the PRISM predictions
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Fig. 5. Schematic representation of the base cell of Refs. [67,68],
showing approximately the relative size of the various components in a system of 400 chains.

[95–97] for systems with various concentrations of
polymer chains in the presence of nanoparticles.
The base cell, of size 14 * 14 * 24s3, contains in this
case a variable number of chains of 80 units and two
small nanoparticles of diameter 5s placed along the
longest side at various distances. The two nanoparticles are modelled as spherical centres interacting
with the polymer units through an appropriate
potential. The polymer density is varied from 0.13
to 0.85 s3, i.e., from a semi-dilute solution up to a
polymer melt. The same overall set-up (chains of 80
units and particles of diameter 5s) has been later
adopted by Desai et al. [72] to study the effect of the
nanoparticles on chain diffusion. Calculations are
performed in this case with one single nanoparticle
in the centre, with two nanoparticles placed at the
body centred cubic sites or with four nanoparticles
placed at the face centred cubic sites of the base cell,
giving a ﬁlling density equal to 2.5%, 5% or 10%,
respectively.
The model of Refs. [67,68] (see Fig. 5), with a
single relatively large nanoparticle in the base cell,
corresponds to a spatial distribution in which the
nanoparticles are placed at the nodes of a cubic
array. Systems containing in the base cell many
nanoparticles of this size are prohibitively large for
the MD method. Therefore, particle clustering in
polymer-based nanocomposites has been more
recently studied by Starr et al. [73] by simulating
smaller icosahedral nanoparticles and shorter chains
of 10 units, in such a way that the diameter of the
particles is approximately equal to the chain radius
of gyration. Simulations are performed for ﬁller
volume fractions between 0.05 and 0.3 and for
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various nanoparticle–polymer interaction strengths.
The systems are prepared by introducing the
nanoparticles into cavities grown in the equilibrated
melt; they are then relaxed at quite high temperatures, and ﬁnally at the desired temperature under
constant pressure. The ﬁnal production simulations
are performed in the NVT ensemble. Similar
systems with several small nanoparticles of diameter
nearly half the root mean square (rms) radius of
gyration of the chains have been simulated by Kairn
et al. [74] with the purpose of comparing the steadystate shear behaviour of such systems with experiments. In close analogy with the actual experimental
conditions, the viscosity of these model systems was
measured by applying a shear ﬁeld through appropriate boundary conditions and measuring the
resulting stress (non-equilibrium molecular dynamics method or NEMD). An alternative approach
to the evaluation of the shear viscosity of a
nanocomposite was followed by Smith et al. [70]
and Keblinski et al. [75], who obtained it from the
analysis of standard equilibrium MD simulations.
These two approaches will be discussed in Section 6.
The MD method has been also used by Brown
et al. [81] to perform atomistic simulations of a silica
nanoparticle embedded in a polymethylene matrix.
The silica nanoparticle is obtained by ﬁrst creating
and equilibrating an a-quartz structure, and then
discarding all atoms outside a sphere of 2 nm radius
in such a way to have an electrically neutral cluster
of 914 silicon atoms and 1828 oxygen atoms. The
polymer matrix consists of a single long chain of
30,000 CH2 groups (represented at the united atom
level) with ﬁxed bond lengths and appropriate
valence angle and torsion angle potentials. After
relaxing the polymer alone (without the nanoparticle) to a near-equilibrium condition using ﬁrst
MC and then MD methods, a cavity is grown in the
centre of the base cell while also expanding the cell,
slowly enough to avoid disruption of the polymer
matrix. The nanoparticle is then inserted into the
cavity and the composite system of 32,742 atoms
relaxed under NPT conditions to reach the appropriate melt density.
3.3. Strategy of MC simulations
MD simulations are well suited to study local
arrangements and dynamics of the polymer units at
the polymer/nanoparticle interface. However, due
to the set up of the models (very small nanoparticles
and quite short chains), they do not provide insight
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on the overall arrangement of chains and particles
in practical polymer-based nanocomposites. This
requires systems with longer chains and several
larger nanoparticles in the base cell, which are more
accessible to MC methods. Simulations of this kind
have been performed in Ref. [69] for a reference
polymer melt and for two ﬁlled systems containing
409 chains and 34 randomly distributed nanoparticles of diameter 10s in one case, and with 9
nanoparticles of diameter 16s in the other case.
The polymer chains are modelled as strings of 100
LJ centres connected by links of ﬁxed length, equal
to the minimum-energy distance of the LJ potential.
The chain stiffness is regulated by a bending
potential E(y) ¼ kyy2 (y being the angle between
consecutive links; y ¼ 0 for collinear links). All
parameters are chosen such that, when the chain
beads are identiﬁed with poly(methylene) isodiametric units (i.e., s ¼ 0.45 nm, 3.5 CH2 groups per
unit [103]) the unﬁlled system models quite well
packing and conformations in a poly(methylene)
melt. The nanoparticles are simulated as spherical
entities, where the same LJ parameters used for the
interactions among polymer units is used also for
particle–particle and polymer–particle interactions
(but, in these cases, distances entering the LJ
potential are measured from the particles surfaces
rather than the particle centres).
The nanoparticles are ﬁrst randomly placed in the
base cell, in such a way that the minimum distance
between their surfaces is not less than 0.7s. The
chains are then grown at random in the environment of the nanoparticles with an appropriate
mechanism, such that all bead–bead and bead–
particle distances are also greater than 0.7s. The
systems are then equilibrated using reptation for the
chains and local displacements for the nanoparticles. Fig. 6 shows a partial snapshot of an
equilibrium conﬁguration of the system with nanoparticles of diameter 16s. Systems with base cells
containing several randomly distributed nanoparticles of various size (from 4 to 28s) and various
ﬁlling densities (from 0.1 to 0.5 volume fraction of
ﬁller) have been subsequently studied using the
same methods [76–78].
Essentially similar models have been later used by
Zhang and Archer [79] to simulate systems with
longer chains of 550 units in the presence of
nanoparticles of diameter 12s, and by Papakonstantopoulos et al. [80] to study the local mechanical
properties in systems of shorter chains of 32 units
and smaller nanoparticles of diameter 5s. One

Fig. 6. Partial snapshot of an equilibrium conﬁguration of a
system with nanoparticles of diameter 16s. The size of the
nanoparticles (except one) has been reduced to show the spatial
arrangements of some chains. Chain units in white are at less than
2s from the surface of a nanoparticle. Redrawn with permission
from Vacatello [69], copyright (2001) of the American Chemical
Society.

distinctive feature of Ref. [79] is that the authors
evaluated by a preliminary set of simulations the
polymer-mediated PMF between the nanoparticles.
Pure nanoparticle systems without polymer were
then equilibrated with this potential and used as
starting points for generating ﬁlled systems with the
equilibrium distribution of nanoparticles. Several
different MC jump mechanisms were used in
Ref. [80] to accelerate equilibration of the polymer
chains near the surface of the nanoparticle, including random local moves, conﬁgurational-bias
reptation moves, internal rebridging and double
rebridging.
MC simulations with chains of 100, 200 or 400
units have been performed by Ozmusul et al. [82] on
a simple cubic lattice with bond lengths between 1
and O3 lattice spacings (i.e., the coordination
number is 26). All cells contain 27 ﬁxed nearly
spherical nanoparticles, placed in a cubic arrangement or at random, of radius similar in each case to
the radius of gyration Rg of the chains. The size of
the base cell is chosen such that the closest distance
between the surfaces of neighbouring nanoparticles
(when in the cubic arrangement) equals 0.5Rg, Rg or
2Rg. Except for the excluded volume condition,
there are no interactions between polymer units,
while weak, moderate or strong interactions between polymer units and ﬁller are imposed through
a potential well of depth 0.2, 2 or 10 kT, respectively, extending up to O3 lattice spacings from the
surface of the ﬁller.
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A different model set-up has been later used by
Lin et al. [84] and by Erguney et al. [85] to simulate
poly(methylene) (PM) and poly(oxyethylene) (POE)
melts in the presence of nanoparticles. The systems
are modelled in this case according to the second
nearest neighbour diamond lattice method (SNND),
originally developed by Rapold and Mattice
[104,105]. The conformational statistics of the
chains is regulated by ﬁrst and second interactions
in the frame of the rotational isomeric state (RIS)
approximation, while the interactions between
polymer beads are modelled using a lattice approximation of the LJ potential. This model represents
the conformation of real chains better than other
coarse-grained methods, and it allows a simple
reverse mapping of the simulated systems to
continuous space atomistic models [106]. Wellequilibrated SNND melts of PM and POE have
been used in Refs. [84,85] as starting points for
simulating these two polymers in the presence of
nanoparticles. The latter are generated by arbitrarily increasing the strength of the attractive intramolecular interactions for a number of chains
selected at random. The ﬁller nanoparticles are thus
modelled by polymer chains that are forced to
collapse to a variable extent, depending on the
strength of the additional attractions (i.e., the
selected chains can be more or less partially
collapsed, and the ﬁller particles are thus more or
less partially permeable to the matrix chains).
Various systems are simulated with different lengths
of the polymer chains and of the collapsed chains
and with different sizes and number densities of
nanoparticles. The SNND method has been used
also by Dionne et al. [86,87] for simulating a PM
melt containing spherical nanoparticles. Simulations are performed for chains of 80 beads
(220 in one case) at various partial volumes of ﬁller
(from 1% to 10%) with one single nanoparticle of
diameter from 0.7 to 1.3Rg in the base cell. The
latter is a distorted cube with 601 angles, such that
the nanoparticles are arranged in a close-packed
array.
The conformational distribution of chain molecules in the presence of nanoparticles has been
studied by Mark and coworkers in a series of MC
simulations [88–92] of phantom (i.e., non-interacting)
PM and poly(dimethylsiloxane) (PDMS) chains
with nanoparticles in various arrangements. The
phantom chains are generated according to the
conditional probabilities dictated by a RIS model
appropriate for the polymer under study, and all
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situations leading to overlaps of any part of the
chains with the ﬁller are discarded. The nanoparticles, modelled as spherical entities (oriented ellipsoids in Ref. [91]), are placed either in a simple cubic
arrangement [89,91] or at random [90,92]. Chain
lengths of 50–300 skeletal bonds are considered in
most simulations with relatively small particles,
while much longer PM chains of 1000 or 2500 bonds
are considered in Ref. [92] with nanoparticles of
diameter from 2 to 40 nm at various ﬁlling densities.
Similar calculations for PM and PDMS chains of
300 bonds with randomly distributed nanoparticles
have been performed by Vacatello [76]. This paper
shows that the distribution of matter and the chain
conformation obtained from phantom chain simulations of this kind approximate those in dilute
polymer solutions with suspended nanoparticles,
but are quite different from those in ﬁlled polymer
melts. Therefore, in subsequent phantom chain
simulations [93,94], Vacatello applied an enhanced
LJ attraction between the polymer and ﬁller in order
to compensate the entropic repulsion of the polymers from the surfaces. This re-establishes a
homogeneous polymer density within the sample,
restoring at the same time the conformational
distribution and all other equilibrium properties.
The same method can thus be applied to systems
with very long chains and large particles. For
instance, recent calculations [94] have been performed for large systems with chains of realistic
length (2000 units, corresponding to PM chains of
molecular mass on the order of 105 amu) and
nanoparticles of diameter 50 times the diameter of
the chain units at ﬁlling densities between 5% and
20%.
3.4. Structure of the polymer/nanoparticle interface
Figs. 7 and 8 show the density of polymer as a
function of the distance from the centre of a
nanoparticle for the two coarse-grained MC systems
with nanoparticles of diameter 10s (system M10)
and 16s (system M16) [69] (Fig. 7), and for the
atomistic PM system containing a single silica
nanoparticle simulated by MD in Ref. [81]
(Fig. 8). Although the calculations have been
carried out with totally different methods and for
quite different models, the organization of the
polymer at the interface with the nanoparticles in
the equilibrated systems turns out to be very similar.
In all cases, the curves are characterized by a series
of maxima and minima of decreasing intensity from
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Fig. 7. Normalized density of polymer units (r, full symbols, left scale) and volume fraction not occupied by ﬁller particles (fv, open
symbols, right scale) as a function of the distance r from the centre of a nanoparticle. Redrawn with permission from Vacatello [69],
copyright (2001) of American Chemical Society.

Fig. 8. Mass density of polymer as a function of the distance
from the centre of the silica particle. Reprinted with permission
from Brown et al. [81], copyright (2003) of the American
Chemical Society.

the surface of the nanoparticles, with a characteristic spacing of approximately 0.8s in Fig. 7 and
0.4 nm in Fig. 8. Since s is nearly 0.45 nm for PM
[103], the results of considerably different simulations are in good agreement in this respect. The
same sequence of maxima and minima with spacing
close to the transverse diameter of the chains has
been observed in all other calculations performed
for polymers in the presence of nanoparticles, the
location and relative intensity of the maxima
depending on the strength of the polymer/nano-

particle interaction forces. Not unexpectedly, this
behaviour is closely similar to that found near
planar surfaces (see for instance [107,108] and
references therein).
On the other hand, the plots in Fig. 7 show a
number of peculiar features not observed in Fig. 8,
i.e., a broad maximum near the surface of the
nanoparticles followed by a broad minimum
centred around 14s for system M10 or by a
monotonous decrease for system M16. Similar
features are present in the corresponding plots for
all other systems simulated in Refs. [77,78]. This
behaviour is related to the fact that the base cells of
Refs. [69,77,78] contain several nanoparticles placed
at random, rather than one single nanoparticle.
Therefore, the various spherical shells surrounding
a given particle are partly occupied by other
particles (upper curves, right scale in Fig. 7), such
that the volume fraction of each shell available to
the polymer depends on the mutual arrangement of
the nanoparticles. When this is properly taken into
account, the distribution of the polymer units in the
available volume of the various shells turns out to
be practically coincident with the distribution of
Fig. 8 and with that near planar solid surfaces.
The high densities observed in the ﬁrst polymer shells surrounding the nanoparticles are expected to be associated with a correspondingly high
degree of orientational and conformational order.
The former has been studied in Refs. [69,81] by
plotting the second Legendre function P2(cos y) ¼
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(3/cos2 yS1)/2 as a function of the distance from
the particle surface, where y is the angle between the
local direction of the polymer chain and the
outward normal to particle. P2 tends to 0.5 for
polymer segments arranged parallel to the surface,
while it is 0 for totally random orientation.
Although the local direction of the chains is deﬁned
differently in the two cases [69,81], the two
calculations conﬁrm the natural intuition that
polymer segments in close contact with the nanoparticles are preferentially oriented parallel to their
surface. In fact, the value of P2 for segments within
the ﬁrst density peak is largely negative in both
cases. Following this region, the atomistic system of
Ref. [81] shows a series of maxima and minima of P2
analogous to those seen for the density in Fig. 8, the
maxima of P2 corresponding to the density minima
and vice versa. Short-range features of this kind are
not observed in the system of Ref. [69], due to the
more coarse-grained representation of the chain and
its envelope. However, the curves of P2 show in this
case broad maxima and minima in correspondence
to the broad maxima and minima seen in Fig. 7,
with the broad maxima of P2 corresponding to the
broad minima of the density and vice versa. Like for
the density, these features are related to the presence
of many independent nanoparticles in the base cell
of Ref. [69]. The atomistic calculations of Ref. [81]
also suggest that the chain segments in contact with
the nanoparticle tend to be more in trans conformation than bulk segments. Although not unreasonable, the conclusion cannot be considered fully
supported by the data of Ref. [81], since the average
fraction of trans bonds in the composite and in the
pure polymer are too high compared to that
expected for PM at the same temperature (more
than 80% in the simulations, compared to nearly
65% expected on the basis of the RIS model of
Ref. [109]). Unfortunately, the distribution of trans
bonds has not been analysed in the various SNND
lattice simulations performed up to now.
In summary, the polymer/nanoparticle interface is characterized by a series of decreasingly
dense and partly ordered shells of thickness slightly
less than the transverse diameter of the chains.
The perturbation of density and order due to
the presence of a nanoparticle extends into the
polymer several times this diameter (5–6 nm in
Ref. [81]). However, the effects are mainly concentrated within approximately 2s (slightly less than
1 nm in the case of PM) from the surface of the
nanoparticles.
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3.5. Conformations of the polymer chains
It is widely accepted that the polymer chains in a
melt are unperturbed Gaussian coils and that their
conformations can be described by RIS models
appropriate for each polymer [109]. The nature and
entity of the conformational perturbation induced
in PM chains by the presence of nanoparticles have
been ﬁrst studied by the RIS phantom chain
simulations described previously [88]. The calculations have been subsequently extended to PDMS
chains of various lengths generated within a cubic
[89] or random [90] arrangement of spherical
nanoparticles of various sizes, the chains being
started in the centre of the cube in the ﬁrst case and
in the centre of a hollow sphere in the second case.
A relevant aspect of the calculations performed in
Ref. [90] for randomly distributed nanoparticles is
that they show a decrease of chain dimensions for
large particles and short chains, and a strong
increase of chain dimensions for small particles
and long chains. For instance, the characteristic
ratio of PDMS chains of 200 bonds at 400 K is
found to be as large as 9.65 in a system with
nanoparticles of 2 nm radius at a 7.5% ﬁlling
density, to be compared with 6.41 in the unﬁlled
system. In agreement with this prediction, subsequent small-angle neutron scattering (SANS) experiments on PDMS ﬁlled with polysilicate
nanoparticles [61] show a decrease of the rootmean-square radius of gyration when the polymer
chains are approximately the same size as the ﬁller
particles, and a substantial increase when the
polymer chains are much larger. The experimental
behaviour has thus been attributed in Ref. [61] to
the same excluded volume effects responsible for the
analogous behaviour of the RIS chains in Ref. [90]
and seems to be related to the results by Mackay
et al. [63].
However, similar MC simulations performed in
Ref. [76] for PDMS and PM RIS chains of 300
bonds in the presence of randomly distributed
nanoparticles fail to reproduce this behaviour,
giving characteristic ratios of the chains smaller
than the unperturbed value in all ﬁlled systems,
irrespective of the relative size of chains and
nanoparticles. In particular, the characteristic ratios
of PDMS with nanoparticles of 2 nm radius at ﬁlling
densities 5% and 10% are found to be at 400 K only
6.2 and 5.9, respectively (to be compared with 9.65
for 7.5% ﬁlling density in Ref. [90]; see before). It
has been then suggested in Ref. [76] that the
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Fig. 9. The normalized density of chain units as a function of the
distance from the centre of a nanoparticle for a system with 10%
volume fraction of nanoparticles of diameter 8s (upper curve)
and for the same system with phantom chains (lower curve).
Reprinted with permission from Vacatello [76], copyright (2002)
of the American Chemical Society.

behaviour observed in the SANS experiments for
the PDMS/polysilicate system cannot be simply
attributed to excluded volume effects. Remarkably,
further calculations on long PM chains carried out
by the two groups predict an exceptionally
large chain expansion (characteristic ratio nearly
doubled for 1% partial volume of nanoparticles
of diameter as small as 2 nm) in one case [92],
and chain dimensions always smaller than in the
unﬁlled melt in the other [111]. It would be clearly
desirable that analogous simulations be independently performed by others in order to resolve this
controversy.
On the other hand, the chain expansion found for
some compositions in the PDMS/polysilicate systems studied in Ref. [61] and more recently in the PS
systems studied in Ref. [63] cannot be explained on
the basis of phantom chain simulations of this kind.
In fact, despite of their theoretical interest, these
simulations do not model accurately the behaviour
of polymer nanocomposites. This has been clearly
shown in Ref. [76], where well-equilibrated systems
of coarse-grained chains have been used as starting
points for new simulations in which the chains are
converted to phantom chains by turning off the LJ
interactions between chain units. Fig. 9 compares
the normalized density of units as a function of the
distance from the centre of a nanoparticle in a
system simulated at full density (10% volume
fraction of nanoparticles of diameter 8s; upper
curve) with the corresponding data obtained for the
same system after converting the chains to phantom
chains (lower curve).

Fig. 9 shows that the distribution of matter in the
two systems is substantially different and that the
density of units near the surface of the nanoparticles
becomes negligible when the polymer chains are
converted to phantom chains. By inspecting various
simulations snapshots, it is seen that the phantom
polymer units tend to concentrate in the largest
cavities of the base cell. This behaviour is due to the
loss of orientational and conformational freedom of
the segments when the chain is brought in contact
with a solid surface, and is consistent with the
observation that polymer chains in dilute solutions
tend to avoid non-adsorbing solid surfaces [112].
Increasing the attractive interactions between the
nanoparticles and the phantom chain units within
the interface shells progressively modiﬁes the
density curves until they become practically coincident with those for the corresponding systems
simulated at full density (except for the oscillatory
features close to the particle surfaces) [93,94]. With
this correction, the chain conformation in the
presence of nanoparticles has been found to be very
similar to that in the unﬁlled melt, irrespective of the
relative size of chains and nanoparticles.
Fig. 10 shows plots of Rn2/ns2, with Rn2 the
mean-square distance of units belonging to the same
chain and separated by n links, for various coarsegrained systems simulated in Ref. [71] with chains of
100 units and randomly distributed spherical
nanoparticles. The subscripts indicate the diameter
of the nanoparticles, and the ﬁlling density is 20%.
The curve for the unﬁlled melt (system M0)
coincides with the theoretical prediction [109] for
freely rotating chains with the bending potential
E(y) used in the simulations, showing that the model
chains are actually bulk-like and unperturbed in
this system. Considering that the radius of gyration
of the chains is about 6.5s, the systems studied in
Fig. 10 cover the whole range from nanoparticles
much larger than the chains to nanoparticles much
smaller than the chains. The chain size in the ﬁlled
systems is always decreased with respect to the pure
melt, the decrease being anyway quite small.
Similar results are found in simulations performed for other models and with different methods. For instance, the radius of gyration and the
mean-square end-to-end distance of the short chains
simulated by MD in Refs. [68,71] show no changes
with respect to the unﬁlled melt, irrespective of the
attractive or repulsive nature of the interactions. As
expected, however, chains close to the surface of the
nanoparticles are found to be partly ﬂattened and
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Fig. 10. Rn2/ns2, with Rn2 the mean-square distance of units belonging to the same chain and separated by n links, for various coarsegrained systems with chains of 100 units and randomly distributed spherical nanoparticles. Reprinted with permission from Vacatello [78],
copyright (2003) of Wiley-VCH Verlag GmbH & Co. KGaA.

elongated, suggesting a corresponding behaviour
for segments of longer chains in contact with the
nanoparticles [68]. More recent simulations of PM
chains on the SNND lattice [86] also show that the
end-to-end distance distribution, the radius of
gyration and the ratios of the eigenvalues of the
gyration tensor coincide with the corresponding
quantities in the pure melt, irrespective of the
distance between neighbouring nanoparticles and
of the strength of the polymer/nanoparticle interactions. Similar results are obtained with long
coarse-grained chains on the cubic lattice [82].
Quite interestingly, SNND lattice simulations of
ﬁlled PM or poly(oxyethylene) (POE) melts suggest
that the chain size in the nanocomposites may be
inﬂuenced by the mobility of the nanoparticles
[84,85]. As previously explained, a peculiar aspect of
these simulations is that the nanoparticles are
represented by fully or partially collapsed chains.
These model ﬁller particles retain mobility in their
internal degrees of freedom, and their centres of
mass are also mobile. The results obtained for PM
indicate that the mean-square radius of gyration of
the matrix chains (/s2Smatrix) is not changed much
in the nanocomposites with respect to the value in
the pure melt (/s2S0). The observed changes
increase in absolute value with increasing ﬁlling
density, but are relatively small even at very high
concentrations. The radius of gyration is found to
decrease when the number of units in the collapsed

chains is equal to or larger than the number of units
in the matrix chains, while a slight increase is
observed when the number of units in the collapsed
chains is smaller. For instance, /s2SmatrixE0.9
/s2S0 for a system with chains and particles of 58
beads at ﬁlling density as high as 60%, while
/s2SmatrixE1.1/s2S0 for a similar system with
chains of 58 beads and particles of 14 beads. These
results are obtained with mobile nanoparticles.
However, by performing calculations in which the
mobility of the nanoparticles is alternately suspended and resumed, it has been seen that the slight
increase of /s2Smatrix observed for large chains and
small nanoparticles is transformed in a slight
decrease when the latter are immobilized. It is then
concluded in Ref. [85] that the reduced or increased
size of the matrix chains depends on whether they
can completely adjust to the changing position of
the nanoparticles or not. Such differences can be
expected on the basis of the different behaviour of
polymer chains in an ‘‘annealed’’ or ‘‘quenched’’
disordered environment, which has been demonstrated by both computer simulations and analytical
calculations (see Ref. [132] for a review).
The results obtained in Ref. [85] for POE show
much larger changes of chain size than for PM. For
instance, a POE system gives /s2SmatrixE1.8/s2S0
at 20% ﬁlling fractions. The large differences in the
behaviour of these two polymers are not easily
understood, but might be related to the fact that the
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POE nanoparticles used in Ref. [85] are less
collapsed and more permeable than the PM
nanoparticles of Ref. [84]. Also, the former—unlike
the latter—show some tendency to aggregate. More
work is clearly required to clarify the origin of the
different behaviour of the matrix chains in these two
systems.
3.6. Arrangements of polymer chains and
nanoparticles
The mutual arrangements of polymer chains and
nanoparticles in a given nanocomposite system
results from a complex interplay of several factors
(size and shape of the nanoparticles, ﬁlling density,
chain length and stiffness, interaction forces, etc.).
In general, the polymer chains can be considered as
sequences of interface segments (subchain segments
totally running in the interface shell of a given
particle), bridge segments (sequences of non-interface units with the two adjoining units in the
interface shells of two different particles), loop
segments (similar to bridge segments, but starting
and ending in the interface shell of the same
particle) and dangling terminal segments (Fig. 11).
Comparing systems with large or small particles at
the same overall volume fractions, we expect that
the latter will contain more interface segments,
shorter bridges, shorter dangling ends and many
direct connections between interface segments
(i.e., consecutive interface segments of two neighbouring particles without an intermediate bridge).
This should lead to a stronger reinforcement effect.
The proportion of the various subchain segments
and their average length have been studied as a
function of the diameter of the nanoparticles and of
the ﬁlling density in the coarse-grained simulations
of Refs. [69,77,78], while the length of the bridge
segments has been studied as a function of the
distance between neighbouring nanoparticles and of
the interaction strength between polymer units and
nanoparticles in the SNND lattice simulations of
Ref. [86].
Table 1 reports the values of selected parameters
describing the mutual arrangements of chains and
particles for four selected coarse-grained systems
simulated in Refs. [69,77,78]. The various parameters are deﬁned as follows:

Fig. 11. Schematic representation of subchain segments. The
dotted circles delimit the interface shells of the particles. Interface
units are shown in white. Redrawn with permission from
Vacatello [77], copyright (2002) of Wiley-VCH Verlag GmbH &
Co. KGaA.

Table 1
Parameters chosen to describe the mutual arrangements of chains
(100 units) and nanoparticles in Refs. [69,77,78]

f1
f2
ff
Ni
Li
Nb
Lb
Nl
Ll
Nt
Lt
Nd
Pc
Cp








f1 is the fraction of chain units in the interface shells of width 2s surrounding the nanoparticles;



D8,20

D8,30

D16,36

D28,20

0.29
0.02
0.009
7.4
4.0
2.6
12
2.4
5.6
1.4
18
1.5
3.3
50

0.46
0.02
0
12
3.8
4.4
7.3
2.8
4.2
1.0
9
4.0
5.2
50

0.33
0.01
0.005
7.3
4.5
2.4
12
3.1
5.7
1.3
16
0.7
2.7
120

0.08
0
0.4
1.6
4.8
0.05
42
1.0
9.7
1
39
0
0.6
290

f2 is the fraction of chain units in the overlapping
interface shells of adjacent nanoparticles;
ff is the fraction of free chains;
Ni, Nb, Nl and Nt are the average number of
interface, bridge, loop and terminal segments per
chain, respectively, while Li, Lb, Ll and Lt are
their average length in terms of chain units;
Nd is the average number of direct connections
per chain;
Pc is the average number of different interface
shells visited by each chain;
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Cp is the number of different chains visiting the
interface shell of a given nanoparticle.

For each system, the ﬁrst subscript indicates the
diameter of the nanoparticles and the second
subscript indicates the per cent volume fraction of
ﬁller.
Although these full density simulations are
limited to relatively short chains of 100 units and
relatively small nanoparticles, the systems in Table 1
cover a wide range of compositions. For instance,
the fraction of interface units is as high as 50% in
system D8,30, while it is less than 10% in system
D28,20. Also, there are no free chains in the ﬁrst case,
while the free chains are as much as 40% in the
second case. The simulations have been carried out
with nanoparticles distributed at random, or with
an ordered distributions of nanoparticles (this is the
case of system D28,20, in which the base cell contains
one single nanoparticle), while the nanoparticles
tend to form more or less large aggregates in real
nanocomposites. Because of this and the adoption
of a coarse-grained description, the numerical
results obtained from these simulations are then
better considered to refer to ideal systems, to be
used as a reference when studying the behaviour of
real nanocomposites. The same is obviously true for
all other coarse-grained simulations performed up
to now.
The results in Table 1 refer to the systems of short
chains (100 units) and relatively small nanoparticles.
When the chains are converted to phantom chains
and at the same time the polymer–nanoparticle
interactions are suitably adjusted to produce the
correct density proﬁles (see Fig. 9 and the related
discussion), the chain conformation and all parameters listed in Table 1 remain virtually unchanged
[93]. Using this strategy, it is then possible to
simulate much larger systems, containing many
more nanoparticles and longer chains in the base
cell.
Table 2 reports the values of the parameters of
interest for some phantom chain systems with very
large base cells containing chains of 2000 units and
several nanoparticles distributed at random [94]. If
the chain units are considered to be PM isodiametric units (see before), the molecular mass of the
simulated chains is in the polymer range
(E105 amu). Parameters such as f2 or Nd are
negligible for large nanoparticles at realistic ﬁlling
densities. As before, the ﬁrst subscript indicates the
diameter of the nanoparticles and the second
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Table 2
Parameters for phantom chain systems with long chains of 2000
units [26]

f1
ff
Ni
Li
Nb
Lb
Nl
Ll
Pc

P28,05

P28,20

P50,05

P50,20

0.017
0.31
7.6
4.5
0.66
350
6.2
35
1.1

0.075
0.001
33
4.5
6.6
145
25
22
4.7

0.010
0.61
4.1
4.7
0.13
400
3.6
41
0.48

0.042
0.07
18
4.6
1.8
275
16
31
2.0

subscript indicates the per cent volume fraction of
ﬁller.
The conclusions obtained from numerous systems
with widely different compositions simulated at full
density or with phantom chains may be summarized
as follows:
(a) the average density of polymer units in a
spherical shell between 0.8s and 2s from the
surface of the nanoparticles in all full density
systems is approximately 1.1s3 (i.e., 10%
higher than in the unperturbed melt); considering that 0.8s is the minimum distance found
between chain units and surface of the nanoparticles, the fraction of interface units is given
by f1E1.1(Vs/Vf)j/(1j)(f2+f3+y), where
Vs is the volume of the said shell, Vf is the
volume of a nanoparticle and j is the volume
fraction of ﬁller; f2 and the other corrections are
usually negligible;
(b) the length of the interface segments (Li)
increases with the diameter of the nanoparticles
from the lowest value E3.5 when the latter
are extremely small to the limiting value E5 for
the same chains near inﬁnitely extended twodimensional surfaces [107]; for all investigated
systems, Li is well approximated by LiE4.8
6.5s/sf, with sf the diameter of the ﬁller
nanoparticles;
(c) f1 and Li are independent of chain length, unless
the chains are extremely short; once f1 and Li are
known, the number of interface segments per
chain is then given by NiEf1Lp/Li, where Lp is
the chain length;
(d) in the rather naı̈ve hypothesis that the chains
can be considered as a spherical distribution
of matter with radius proportional to their
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unperturbed radius of gyration, Pc is expected
to correspond to the average number of nanoparticles having centre within a sphere of
diameter aRg+sf+4s (RgE0.65Lp1/2s for the
simulated chains); in all cases, it is well
approximated by taking the adjustable parameter a ¼ 1.7;
(e) keeping with this approximation, the fraction ff
of free chains is expected to coincide with the
probability that there are no nanoparticles
centred inside a sphere of volume V* around
the centre of mass of a chain, or the probability
of ﬁnding in the system of nanoparticles an
empty sphere of volume V*; this is given by
exp[bj(V*/Vf)/(bj)], where b is a constant
between 0.64 and 0.74 (Vf/b is the volume
excluded by each nanoparticle to the other
nanoparticles);
(f) once Pc is known, Cp is given by Cp ¼ PcNp/Nf,
with Np the total number of polymer chains and
Nf the total number of nanoparticles in a given
volume; therefore, Cp ¼ Pc(1j)Vf/(jLps3).
Other simple expressions have been found in
Refs. [77,78] relating number and length of bridge
or loop segments to sf and j for chains of 100 units.
However, the dependence of these parameters on
the chain length is far from being simple. For
instance, Nb and Nl are expected to increase with Lp
in a nearly linear way only for systems crowded with
small nanoparticles, in which free chains and long
dangling ends are practically absent. In all other
cases, free chains and dangling ends are progressively converted to bridges and loops by increasing
the chain length, the conversion rate depending on
the values of sf and j.
Another interesting result of the simulations is that
chains and particles do form highly interconnected
transient networks in all cases studied, including
those with large particles and low ﬁlling density
reported in Table 2. For instance, even though the
average number of bridges per chain is as low as 0.13
in system P50,05, the number of bridges per particle is
anyway considerable, since each particle is in contact
with E300 chains. See Ref. [94] for further discussion
and quantitative expressions.
The relative abundance and length of the various
kinds of chain sections has been studied in SNND
simulations of Ref. [86] as a function of the distance
between the surfaces of neighbouring nanoparticles
and of the (attractive, neutral or repulsive) interactions between the polymer and nanoparticle beads.

Since the simulated systems contain quite small
nanoparticles placed at the nodes of an expanded
close-packed array with ﬁller volume fractions
lower than 10%, a direct comparison between the
numerical results reported in Ref. [86] and those of
Refs. [69,77,78,93,94] cannot be made. In spite of all
differences, including different deﬁnitions of the
interface shells, the fraction of interface units and
the fraction of free chains in the various systems
simulated in Ref. [86] are given by f1E1.1(Vs/Vf)j/
(1j) (due to the low ﬁlling density and to the
regular arrangement of the nanoparticles, f2 is
obviously zero here) and by ffEexp[bj(V*/Vf)/
(bj)], in agreement with our previous expressions.
Substantial agreement between the results of the
ﬁrst [77,78] and the second [86] sets of simulations is
obtained also for the length of interface, loop and
bridge segments.
An interesting observation of Ref. [86] is that the
equilibrium distributions of the whole chains and of
all the various subchain segments are practically
unaffected by the repulsive, neutral or attractive
nature of the polymer/nanoparticle interactions.
This is consistent with the general idea that the
overall equilibrium organization in these systems is
mainly dictated by excluded volume effects. Note,
however, that the picture can be quite different in
cases in which strong polymer/ﬁller interactions are
localized in speciﬁc parts of the chains [69]. Not
unexpectedly, the length distributions of the bridge
and dangling end segments are found to change
with changing the distance between neighbouring
nanoparticles, while interface and loop segments are
scarcely inﬂuenced by this parameter. Of course,
increasing the distance between the surfaces of
neighbouring nanoparticles of a given size leads to
longer bridges and longer end segments. All the
observed trends are in good agreement with the
corresponding trends found in Ref. [77] for systems
with randomly distributed nanoparticles of ﬁxed
diameter at various ﬁlling densities.
A second interesting aspect of the calculations in
Ref. [86] is that the probability distributions of the
bridge end-to-end distances in the simulated nanocomposites have been compared to the probability
distributions for subchain segments of the same
length in the pure melt. As the distance between the
nanoparticle surfaces increases, the bridge end-toend distribution is found to be shifted to higher
distances and narrowed, which seems to imply that
the bridges become more stretched and stiffer than
the corresponding segments in the pure melt. This is
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not the effect of a conformational perturbation due
to the presence of the nanoparticles, but is an
obvious consequence of the fact that a chain
segment, to be deﬁned as a bridge, has to cover
the distance from the surface of a nanoparticle to
the surface of a neighbouring nanoparticle. When
this distance is signiﬁcantly larger than Rg, bridges
can be formed only by partly stretched segments
[86]. The relevance of this effect to the stiffening of
ﬁlled systems with respect to the pure melt has been
questioned in Ref. [86] by remarking that signiﬁcant
stretching of the bridges is observed only for
distances larger than 2Rg, a situation in which the
number of bridges per nanoparticle is small. Note,
however, that the latter observation is based
on systems with extremely small nanoparticles
(diameter E3s) at volume fraction of ﬁller less
than 1%, while the number of bridges per nanoparticle is found to quite high in systems with large
nanoparticles and long chains, even when the
average distance between neighbouring nanoparticles is on the order of 2Rg or larger (see before,
systems P28,05 and P50,05). Therefore, it appears that
the consequences of the presence of stretched
bridges on the stiffening of real ﬁlled systems have
still to be assessed.
4. Molecular-level theories: equilibrium aspects
The two main theories currently applied to the
study of liquid polymers—in particular polymer melts
close to solid surfaces and polymer–nanoparticle
‘‘mixtures’’—are the integral equation (also known
as PRISM) and the DFT approaches. Our concise
account of these theories is largely based on the
reviews by Curro and Schweizer [97], by Heine et al.
[98] and by Yethiraj [99]. These theories are important
in the present context since they reproduce some of
the structural features which have already been
discussed in the previous part of this section devoted
to MC and MD simulations (e.g., density oscillations
close to a solid surface). Also, PRISM theory forms
the basis of a thermodynamic analysis of the stability
of nanoparticle dispersions in polymer melts [113,114].
As a general remark, the most successful implementations of these theories have concerned
systems of hard chains. Thus, they capture quite
well entropic effects related to chain packing
constraints, either in bulk or close to a solid wall.
Systems with strong attractive interactions are not
modelled equally well, at least by the simplest
versions of the theories. Even in these cases,
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however, there is often qualitative agreement with
the simulations, so that PRISM and DFT approaches retain their usefulness as general interpretative tools.
4.1. Integral equation theories (PRISM)
The primary object in the investigation of
polymeric liquids is the pair distribution function
g(r), representing the relative probability (compared
to an ideal gas of non-interacting units at the same
density) of ﬁnding a polymer unit, or a chain bead,
at a distance r from another unit placed at the
origin. The total correlation function is h(r) ¼
g(r)1, which is zero by construction for an ideal
gas (i.e., in the absence of correlations).
Integral equation theories are based on the
Ornstein–Zernike (OZ) equation [115]. This reads,
for a monoatomic ﬂuid interacting by a spherically
symmetric potential:
Z
hðrÞ ¼ cðrÞ þ r dr0 cðr0 Þhðjr  r0 jÞ
(1)
where r is the atom number density and c(r) is
the direct correlation function between two atoms.
Eq. (1) effectively represents a deﬁnition of c(r), and
is based on the notion that the correlation between
two atoms in a dense ﬂuid is the result of their direct
interaction [i.e., c(r)], but also of many-body effects
represented by the convolution integral on the righthand side. Eq. (1) is based on the statistical
equivalence of the beads, i.e., the total correlation
function reproduces itself after convolution with the
direct correlation function. In reciprocal space the
convolutions are transformed into simple products
and the OZ equation reads
^ ¼ c^ðkÞ þ r^cðkÞhðkÞ
^
hðkÞ

(2)

where the Fourier transforms are deﬁned as
Z
Z
4p
f^ðkÞ ¼ f ðrÞ eikr d3 r ¼
rf ðrÞ sin ðkrÞ dr
(3)
k
^ into the rightIterative substitution of h(r) or hðkÞ
hand sides of (1) or (2) leads to an inﬁnite series of
terms corresponding to two-body, three-body, fourbodyyinteractions. This inﬁnite series must be
truncated by application of an appropriate closure
approximation. The simplest—but often quite
effective for short-range interactions—closure is
that of Percus and Yevick (PY):
cðrÞ ¼ ð1  ebuðrÞ ÞgðrÞ,

(4)
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where u(r) is the bead–bead interaction potential
and b ¼ 1/kBT. Other closure approximations, such
as the mean-spherical approximation (MSA) and
the atomic hypernetted chain closure (HNC), may
also be employed but the advantage of their
application to polymer systems has been questioned
[98].
The OZ equation may be extended to polymers
if each chain is made to consist of N beads
(all equivalent in the limit of large N for homopolymer) and the interaction potential is written as
the sum of bead–bead interactions. The basic
equations of PRISM theory are:
^ ¼ oðkÞ^
^
^ cðkÞSðkÞ;
hðkÞ

^
^
^
SðkÞ
¼ oðkÞ
þ rhðkÞ,

(5)

^
where oðkÞ
the single-chain structure factor and
^
^
SðkÞ
is the overall structure factor. In turn, oðkÞ
is
the Fourier transform of the intramolecular correlation function o(r), deﬁned as
oðrÞ ¼

N X
N
1X
oij ðrÞ
N i¼1 j¼1

(6)

Here oij(r) is the probability that beads i and j are
separated by a distance r. In the simplest version of
the theory, o(r) is pre-computed from a given
polymer model (Gaussian or RIS chains, for
example) and used as an input to Eq. (5), instead
of being computed self-consistently with the intermolecular correlations. This simpliﬁcation is justiﬁed by the Flory ideality hypothesis (unperturbed
chain conformation in a polymer melt). The total
correlation function h(r) and its Fourier transform
^
hðkÞ
may be compared with simulation results or
scattering experiments.
The logical scheme reported above has been
extended to more complex cases. The case of
nanoparticles in a polymer melt [113,114,116] will
be dealt with shortly. The equations for polymer
chains at a solid surface are derived from the
PRISM theory for a two-component mixture of
polymer chains and solid spherical particles, in the
limit that the latter become inﬁnitely diluted and
inﬁnitely large [99]. In this case two correlation
functions need to be deﬁned, both direct [c(r) and
cw(r)] and total [h(r) and hw(r)]; the sufﬁx w stands
for ‘‘wall’’. The OZ equation analogous to Eq. (1)
after replacement of the three-dimensional distance r
with the perpendicular distance z from the surface, is
Z 1
Z zþt
hw ðzÞ ¼ 2p
tSðtÞ dt
cw ðs0 Þ ds0
(7)
0

zt

Deﬁning a one-dimensional Fourier transform by
Z
1 þ1
f ðzÞ eikz dz
(8)
f~ðkÞ ¼
2p 1
and performing this transform on Eq. (7) we obtain
^ cw ðkÞ,
h~w ðkÞ ¼ SðkÞ~

(9)

an equation similar to Eq. (2) except that now we
have both one- and three-dimensional Fourier
transforms.
The wall–PRISM theory has been applied mainly
to hard-chain models, close to a ﬂat solid wall or
between two surfaces. Depletion of chain sites close
to the surface at low polymer densities and enhancement at high densities has been successfully described, and appears to be sufﬁciently accurate when
the structure is dominated by repulsive interactions.
This is illustrated by the top panel of Fig. 12,
showing a comparison of density proﬁles from MC
simulations and wall–PRISM calculations for hard
ﬂexible chains. Note, however, that the density
oscillations at high packing fractions (Z ¼ 0.45) are
not as accentuated as those from the MC simulations. The theory was also implemented for binary
polymer blends, showing that stiffer and/or
branched chains tend to segregate towards the
surface compared to ﬂexible/linear chains.
4.2. Density functional theory (DFT)
Unlike the integral equation theories based on the
OZ approach, the DFT approach does not assume
an intrinsically homogeneous statistical behaviour
of the system under investigation. The strategy
consists of minimizing the grand free energy with
respect to the density distribution of the polymer
ﬂuid.
At a temperature T, the grand partition function
X of a monomatomic system is a function of: (i) the
number of atoms n, (ii) the chemical potential per
bead m, related to the activity l ¼ exp ðbmÞ, (iii) the
potential energy Vn from bead–bead
interactions,
P
(iv) the potential energy Fn ¼ ionf(ri) due to an
external ﬁeld (a surface, for example), ri being the
vector position of the ith bead. We have
X ln Z
(10)
eV n =kB T eFn =kB T drn
X¼
3n
L
n!
nX0
L being a constant (thermal de Broglie wavelength).
The grand free energy is
O½rðrÞ ¼ kB T ln X

(11)
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Fig. 12. Comparison of bead density proﬁles from MC simulations of hard ﬂexible 20-mers (dots) and (a) wall–PRISM calculations,
or (b) DFT calculations. Here Z is the packing fraction, proportional to the number density of beads. Reproduced with permission from
Yethiraj [99], copyright (2002) of John Wiley and Sons, Inc.

and the Helmholtz free energy is
Z
F ½rðrÞ ¼ O þ ½m  fðrÞrðrÞ dr
where r(r) is the individual bead density.

(12)

In a macromolecular system, both O and F
may be regarded as functionals of the molecular
density rM(R), where now the coordinates of all the
beads in a chain have been collected as R ¼
{r1r2yrN}. Formally, this density satisﬁes the
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equilibrium condition:
dO
¼0
drM ðRÞ

(13)

Either free energy is usually expressed as the sum
of an ideal contribution (e.g., FID[rM(R)]) and an
excess contribution accounting for bead–bead interactions (FEX[r(r)]). The ideal gas functional for this
molecular system is known exactly:
Z
F ID ½rM ðRÞ ¼ kB T dR  rM ðRÞ½ln rM ðRÞ  1
Z
(14)
þ dR  rM ðRÞ  V ðRÞ
Eq. (14) contains a 3N-dimensional integral over
an intramolecular potential energy V(R) expressing
bonding constraints. This can be evaluated analytically (for the freely jointed case) or by means of
single-chain MC simulations. The remaining problem consists of ﬁnding approximations for
FEX[r(r)]. Note that this has been written as a
functional of an average bead density r(r), which is
already a substantial simpliﬁcation compared to the
molecular density rM(R). One approximation
scheme, due to Hooper et al. [101], is based on an
expansion in powers of the density truncated at the
second order:
Z
kB T
dr dr0 rðrÞrðr0 Þcðjr  r0 j; rÞ
F EX ½rðrÞ  
2
(15)
where c(r) is the direct correlation function of the
homogeneous polymer melt at the bulk density r
and can be obtained, for example, from the PRISM
theory. Another, more accurate theory involves an
explicit separation of the excess free energy into a
sum of hard-core and attractive terms, which are
then approximated according to distinct criteria.
The DFT approach appears to be successful in
describing the behaviour of hard chains at hard
walls (depletion and enhancement effects). Thorough tests of the theory have been conducted by
Yethiraj and Woodward [100]. The lower panel of
Fig. 12 shows an almost perfect agreement between
the DFT theory and MC simulations, at all
densities.
In summary, both the Integral Equation and the
DFT appear to be promising approaches to investigate polymer ﬂuids. The latter is more accurate, but
it also more computationally demanding. Comparatively little attention was devoted hitherto to the
effect of the attractive part of the intermolecular

potential on the wall–ﬂuid and ﬂuid–ﬂuid behaviour
of conﬁned polymers. Accurate functionals exist for
simple liquids and their extension to polymers
should be interesting. Also, the development of
more accurate closures should allow implementation of the wall–PRISM theory to more realistic
systems [99].
4.3. Depletion interaction and phase separation
The polymer density plots in the vicinity of the
surface of a particle (see Figs. 7, 8 and 12) show that
the polymer chains are more tightly packed and
presumably their dynamics is slower than in other
regions of space. The chain entropic freedom is
reduced even more strongly in the volume comprised between two particles, the more so the
shorter the distance between their surfaces. This
effect is especially large if the surface-to-surface
distance is smaller than the chain radius of gyration.
In this case the chains’ internal degrees of freedom
suffer an amplitude reduction and the chains try to
escape from the restricted space. As a result the
particles will be pushed against one another. The
associated force, which is purely entropic, is known
as the depletion attraction. In the following we shall
limit our analysis to the assumption that the
particles behave like hard spheres, as far as their
direct interactions are concerned. Even in this case,
the situation is quite complex since different
scenarios may occur, depending on the strength of
the polymer–particle interactions.
Using the PRISM integral equation approach,
Hooper and Schweizer investigated the phase
separation issue for systems of ﬂexible polymer
chains and spherical particles [113,114]. There are
three relevant PRISM equations in the limit of
‘‘dilute’’ nanocomposites, describing polymer–polymer, polymer–particle and particle–particle correlations (‘‘pp’’, ‘‘pc’’ and ‘‘cc’’ subscripts, repectively).
In Fourier space, these read
hpp ðkÞ ¼ op ðkÞcpp ðkÞS pp ðkÞ

(16a)

hpc ðkÞ ¼ cpc ðkÞS pp ðkÞ

(16b)

hcc ðkÞ ¼ ccc ðkÞ þ rp ðkÞc2pc ðkÞS pp ðkÞ

(16c)

Note that the solution of the polymer problem
(16a) is used as an input to the polymer–particle
problem (16b), and both of these enter the equation for the particle–particle problem (16c). The
calculation of the particle–particle pair correlation

ARTICLE IN PRESS
G. Allegra et al. / Prog. Polym. Sci. 33 (2008) 683–731

function is the central result of the theory. From
this, it is straightforward to obtain a potential of
mean force (PMF) describing the effective polymermediated interaction among a pair of particles:
W cc ðrÞ ¼ kB T ln ½1 þ hcc ðrÞ

(17)

Representative plots of this PMF for different
situations are depicted in Fig. 13. The answer
depends on different parameters, such as the chain
length (N), the ratio of monomer and particle
diameters (d and D, respectively) and the form of
the polymer–particle interaction potential. Labelling with r0 the distance between the polymer bead
and the surface of the particle ðr0 ¼ r  ðD þ dÞ=2Þ,
the latter was modelled by


r0
U pc ðrÞ ¼ pc exp 
(18)
ad
where epc is the polymer–particle energy at contact
and a is a parameter characterizing the range of the
potential (a ¼ 0.5 for a generic ‘‘van der Waals
type’’ interaction, a ¼ 0.25 for a speciﬁc short-range
‘‘hydrogen bond like’’ interaction, a ¼ 1.0 for a
longer-range interaction). As can be seen, several
situations are possible. The extreme cases are
represented by depletion attraction (case I) and
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fully repulsive interactions (case III), leading to
poor or good particle dispersion. However, there
are also interesting intermediate cases (II and IV), in
which the PMF is characterized by several minima
with a spacing of the order the monomer diameter.
Physically, these correspond to different types of
‘‘bridging’’ conﬁgurations.
The same Authors also analysed the conditions
for the stability of the polymer–particle mixture
against phase separation (i.e., re-aggregation of the
particles). They derived an effective one-component
criterion for the boundaries of the spinodal phase
diagram (particle volume fraction fc):
fc ﬃ const:

B2;HS
¼ const:B2
B2;cc

(19)

where B2,HS and B2,cc are the second virial
coefﬁcients for a pair of particles interacting by a
hard-sphere potential and the PMF of Eq. (17),
respectively:
Z
2pD3
1
½1  ebW cc ðrÞ  d3 r.
; B2;cc ¼
B2;HS ¼
2
3
(20)
Taking the diameter ratio D/d in the range
10–24, the chain length N ¼ 100 and different a

Fig. 13. Representative particle–particle PMF’s, for diameter ratio D/d ¼ 16 and chain length N ¼ 100. Different situations arise for
different choices of the a and epc parameters [see Eq. (18)]: (I) contact aggregation, (II) bridging, (III) steric stabilization, and (IV)
telebridging. Reproduced with permission from Hooper and Schweizer [114], copyright (2006) of the American Chemical Society.
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Fig. 14. Nanoparticle volume fraction at the spinodal for a hardsphere system with D/d ¼ 16 and N ¼ 100, as a function of the
polymer–particle interaction strength (epc) and range (a ¼ 0.25
dash-dot-dot, a ¼ 0.5 solid, a ¼ 1.0 dash). The inset highlights a
region where there is crossing of the phase boundaries for the
systems with shortest- and longest-range attractions. Reproduced
with permission from Hooper and Schweizer [114], copyright
(2006) of the American Chemical Society.

parameters, the same Authors plotted the spinodal
phase diagram against the contact strength epc
(see Fig. 14). For low values of epc(o0.05) we have
separation of the particle-rich and of the polymerrich phases as a result of the polymer-mediated
depletion attraction. The same happens at large
epc(43), where the particle-rich phase is stabilized
by tight inter-particle bridging due to the polymer
chains strongly adhering to the particle surfaces. In
this case, particles sterically stabilized with noninterpenetrating adsorbed polymer layers are embedded in a ‘‘crystallized’’ homopolymer matrix
at relatively low volume fractions [113,114].
For intermediate epc’s we have polymer/solvent
miscibility within a single phase. Note that the
high-concentration spinodal boundary varies nonmonotonically with the interaction range (i.e., it is
widest for the intermediate value a ¼ 0.5).
As pointed out by the Authors, these results are
effectively obtained under the simplifying assumption that the particle-related contributions dominate, neglecting the explicit polymer–polymer
contributions. As a consequence, a one-component
system is effectively considered, where the particles
interact via a polymer-mediated PMF. The corresponding normalized second virial coefﬁcient B2 of
the particle system is positive for single-phase
miscibility, negative for phase separation. Also, we
neglect any direct particle–particle attractions; these

can modify the breadth of each transition region.
Polymer chain length plays little role for weak
monomer–particle attractions, in which case the
depletion attraction dominates. However, we have a
decrease of the effective inter-particle attraction
with an increasing degree of polymerization.
In a recent paper on poly(ethylene glycol) (PEG)
melts silica particles of 44 nm diameter, Anderson
and Zukoski [116] show that the particles’ dispersion is thermodynamically stable up to a polymer
molecular weight MW ¼ 80000. These authors
compare their experimental results with a suitable
adaptation of the PRISM theory. They conclude
that phase separation could be achieved only
through modiﬁcation of one or more key parameters epc, a, D/d and N.
4.4. Polymer between parallel surfaces
If the particle size is sufﬁciently large compared
with the particle–particle distance, the system may
be effectively modelled by assuming parallel planar
surfaces, their distance being much smaller than the
transverse diameter. Thus the statistical-mechanical
investigation of a polymer chain between planar
surfaces can provide insights into the complex issue
of a polymer (a melt or a solution) squeezed
between two large particles, or conﬁned within
pores. While short-range chain packing effects are
best addressed by the wall–PRISM and DFT
approaches discussed previously, other features
can be modelled by lattice models in view of their
conceptual simplicity and mathematical handiness.
Representative applications of the popular selfconsistent-ﬁeld (SCF) method can be found in
Refs. [8,117,118]. Here, after a brief introduction,
we shall illustrate two recent studies by two of us:
compressed polymer networks [119] and polymermediated adhesion between two surfaces [120].
4.4.1. Single-polymer chains
The chain is regarded to be in an ideal phantom
state, with a bead–surface attractive contact energy
eo0. Placing each chain on a cubic lattice model
and describing the conformational statistics by a
transfer matrix method, DiMarzio and Rubin [121]
show that a very long (inﬁnite) chain undergoes a
second-order transition at the temperature T* for
which the energetic gain exactly compensates for the
entropy loss of a bead contacting the wall
(=kB T  ¼  ln 6=5 ﬃ 0:18). At ToT* the chain
beads are attracted to the walls, and repelled
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at T4T*. Interestingly, at T ¼ T* the polymer ﬁlls
uniformly the available space.
Using the DiMarzio–Rubin approach, Allegra
and Colombo [122] derived the partition coefficient
for chains of a contour length L ¼ Nl (N bonds of
length l) to be either included or excluded from a
slab with a width d between planar surfaces. Such a
result, originally obtained by Casassa [123] for the
hard-wall case (TbT  ), is useful to interpret sizeexclusion chromatography results. As a remarkable
effect, the bead density of a long chain (LbL0 ) is
constant through the wall-to-wall slab width d,
except in the immediate vicinity of the walls. In the
hard-wall case (e ¼ 0) it is possible to show that the
chain entrapment probability P is given by
 


R
DG
P
¼ exp 
d
kB T


1
X
8
1
ð2p  1Þ2 p2 R2
exp

¼ 2
p p¼1 ð2p  1Þ2
d2
(21)
2

2

where R ¼ Nl /6 is the mean-square radius of
gyration of the unperturbed chain. DG is the
depletion free energy. In the long-chain limit with
R2 =d 2 b1, the sum reduces to the ﬁrst term and we
have
DG
p2 R2 p2 Nl 2
ﬃ 2 ¼
(22)
kB T
6 d2
d
This result, which agrees with scaling analyses [22], yields the entropic depletion free energy
driving out of the slab a long polymer chain with N
beads, Nl 2 bd 2 . In the multi-chain case, Eq. (22)
suggests that the depletion energy is simply proportional to the total polymer mass in the slab,
assuming all the chains to be much longer than
the slab width.
4.4.2. Polymer networks compressed between
particles
In a ﬁlled cross-linked rubber two adjacent
particles may be separated by a chain network,
instead of separate chains. In order to understand
the mechanical response under a change of the interparticle distance, it is interesting to compare the
cases where the particles are separated by (i) linear
chains, (ii) a network with a two-dimensional
topology, (iii) three-dimensional networks of variable topological thickness [119]. The two- and threedimensional networks were assumed to have a
square or cubic connectivity, respectively, and the
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are always regarded as phantom-like. The compression induced by a decrease of the inter-particle
distance is mimicked by a harmonic potential
1/2Hx2 acting on each bead at a distance x from
an average plane between the two particles. Of
course, the larger H, the more compressed the
network, the closer the particles. The model may be
treated with a matrix approach and yields exact
results as a function of the applied ﬁeld strength H,
in the long-chain limit. Although it does not
account for the wall–chain interaction, the model
suggests some interesting qualitative conclusions.
First of all, it conﬁrms that the mean-square radius
of gyration of the two-dimensional network with
equal chains increases logarithmically with the
number of chains, whereas it goes to a ﬁnite limit
in the three-dimensional case [124]. Fig. 15 shows
the networks mean-square size along the direction
of compression. We see that the three-dimensional
network effectively behaves as a rigid particle with a
ﬁxed size, until a critical compression strength is
reached. This conclusion strongly suggests that
densely cross-linked polymer regions may be regarded as solid ﬁller particles. Also, two large
particles may not be able to come in contact if
separated by a cross-linked polymer region.
4.4.3. Chains bound to parallel surfaces
Polymer chains may be grafted to the ﬁller
particles. The mechanical strength of this system
depends on the statistics of the chains forming

Fig. 15. Compression in a harmonic ﬁeld of regularpinﬁnite
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
networks of chains with n bonds of unit length. s ¼ n H=12:
2
compression parameter, in kBT units. hSX i: mean-square radius
of gyration of the network along the direction of compression.
Reproduced with permission from Allegra and Raos [119],
copyright (2002) of the American Institute of Physics.
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bridges between the two particles/surfaces. This
subject was investigated by two of us using the cubic
lattice description, with the adoption of two
different statistical models [120]. With ‘‘model A’’
we consider a controlled system of monodisperse
polymer chains connecting parallel surfaces. Of
course, obtaining such a ‘‘bridging brush’’ implies
a delicate chemistry, because proper reacting groups
must be placed at the chain ends and also on each
surface before the chemical reaction. Conversely,
with ‘‘model B’’ chains of different length are
randomly attached to the surfaces, as it may happen
in solvent- or melt-welding. The contour length of
the loops and bridges formed by them is derived
from an equilibrium distribution of a very long
winding chain reversibly adsorbing on the surfaces,
prior to (instantaneous) formation of irreversible
polymer–surface bonds. In both cases the constraint
of uniform polymer density through the slab width
is fulﬁlled, by applying a small energetic premium
on the monomers contacting the wall (e.g.,  ¼
kB T ln ð6=5Þ in the case of model B with an
inﬁnite chain). Fig. 16 shows that, within model B,
the relative probability of chain strands returning to
the same wall increases quickly with the slab width
n, in qualitative agreement with experimental data.
Attention is focused on the elongational and the
tangential moduli of both systems, respectively, klong
and ktan. For typical chain lengths of N ¼ 40 or 100
statistical segments (or beads) with length l, the
average moduli with model A are larger than with
model B except at very small slab widths nl

Fig. 17. Calculated tangential and longitudinal moduli for model
B, as a function of the wall-to-wall distance n. Reproduced with
permission from Allegra and Raos [120], copyright (2003) of the
American Institute of Physics.

(no10–20 segments, lE1 nm). Besides, model A
has the advantage that the moduli increase with n
(for a ﬁxed chain length), unlike with model B. As
shown in Fig. 17, for model B the ratio klong/ktan
tends to unity from above with increasing slab
width, in agreement with expectation for a system of
ideal, Gaussian chains.
It must be stressed that, in a dry polymer ﬁlm,
volume change represents an important additional
contribution (on top of chain elasticity) to the
effective elongational modulus keff
long , while in
principle leaving ktan unaffected. It can be computed
from knowledge of the compressibility of the
polymer (assuming that compressibility is unchanged on going from the bulk to a thin ﬁlm).
Alternatively, since a volume change can be
envisaged as an intake or expulsion of voids (a very
poor ‘‘solvent’’) it can be estimated by an additional
Flory–Huggins-type term in the free energy [120].
This contribution is usually dominant. The longitudinal adhesion strength may be substantially
controlled by polymer elasticity in two cases: (a) if
the polymer chains connecting both walls are
already rather stretched, or (b) when the polymer
chains are surrounded by a good solvent communicating with an external reservoir.
5. Molecular-level simulations and theories: polymer
dynamics at the interface

Fig. 16. Probabilities of existence of loops (solid lines) and
bridges (dashed lines) of contour length Nl, for difference wall-towall separations nl. Reproduced with permission from Allegra
and Raos [120], copyright (2003) of the American Institute of
Physics.

Overall, the behaviour of ﬁlled elastomers is
governed by various length scales, such as the size
of the particles and of their aggregates, the thickness
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of the interfacial polymer shell close to the ﬁller
surfaces, and the average distance between the
particles. The inﬂuence of the nanoparticles on the
dynamic properties of the polymer matrix has been
investigated with various methods in the MD
simulations, with particular reference to the differences between polymer units located in the interface
shells and those in the bulk.
The effects on Tg and on the dynamic properties
of the chains due to the presence of the nanoparticles and to the interaction forces between polymer units and nanoparticles have been studied in
Refs. [67,68] by calculating the radially averaged
intermediate scattering function
*
+
N
X
1
jq½rk ðtÞrj ð0Þ
F ðq; tÞ ¼
e
(23)
NSðqÞ j;k¼1
normalized by the structure factor S(q) for both
attractive systems (with full monomer–nanoparticle
LJ interactions) and non-attractive systems (only
comprising the repulsive part of the LJ potential).
The characteristic time for the decay of F(q, t) has a
local maximum at q0E7.08 nm1, coinciding with
the ﬁrst maximum of S(q). Plots of F(q0, t) at several
temperatures for the systems studied indicate that at
sufﬁciently low temperatures each system shows a
two-step relaxation. Also, F(q0, t) does not fully
decay to zero at low temperatures for the ﬁlled
attractive system, indicating the presence of a very
slow component of the relaxation. Relative to the
unﬁlled system, the relaxation time is higher when
the interactions between polymer and nanoparticle
are attractive, the difference increasing with increasing T, and slightly smaller at low T for the nonattractive system, the difference increasing with
decreasing T. Therefore, one expects Tg to be higher
in the ﬁrst case and lower in the second.
The local dynamics of the polymer units has also
been studied as a function of their distance from the
surface of the nanoparticle by plotting the self
(incoherent) part of F(q0, t) for chain units initially
in a given shell surrounding the nanoparticle.
Example plots of Fself(q0, t) are shown in Fig. 18
for the attractive (a) and non-attractive (b) case.
Fig. 18 shows that the relaxation of the chain units
in the ﬁrst few layers close to the nanoparticle is
much slower than average for attractive interactions, while it is faster in the non-attractive systems.
The slowing down observed for attractive interactions is much more pronounced in a further system
simulated by doubling the attractive forces, to the

Fig. 18. Fself(q0, t) for the average of all chain units (dotted line)
and decomposed into layers for: (a) attractive interactions and (b)
non-attractive interactions at T ¼ 0.4. The boundaries of the
layers are deﬁned to be the minima of the density. Reproduced
with permission from Starr et al. [68], copyright (2002) of the
American Chemical Society.

point that the chain units in the ﬁrst shell do not
relax in full on the time scale accessible to the
simulations. It is concluded that the interactions
between polymer and nanoparticles play a key role
in controlling Tg and the local dynamics of
nanocomposites.
This conclusion is conﬁrmed by the results
obtained in Ref. [70] studying similar systems of
chains of 20 units or 10 units with attractive, neutral
and repulsive interactions between chain units and
nanoparticles (the repulsive case corresponds to
the non-attractive case of Refs. [67,68]). Relative to
the pure melt, the dynamic shear modulus and the
viscosity are found in Ref. [70] to be strongly
increased in the attractive case, less strongly
increased for neutral systems and reduced for
repulsive systems. In particular, the viscosity is
found to increase or decrease monotonically with
increasing the fraction of interface beads (i.e., beads
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in the ﬁrst two shells in contact with the nanoparticles), indicating that the overall effects are
substantially due to modiﬁed dynamics of the
polymer units within the interface shells. Further
analyses show that the increased dynamics observed
for repulsive systems can be explained by the lower
density of chain units in the interface shells of these
systems, while the strong slowing in the attractive
systems is not simply due to densiﬁcation effects.
Also, the mean residence time of the chain units in
the interface shells of attractive systems is only
about twice that in neutral systems, suggesting that
the dramatic slowing of the adsorption/desorption
polymer in the attractive systems may be due to
strongly co-operative effects. Consistent with these
considerations, the mean-square displacement of the
interfacial polymer units is found to be dramatically
less in the attractive case with respect to the pure
melt or neutral systems, indicating that the principal
effect is due to increased barriers for the motion of
the polymer units along the surface of the nanoparticles. The slowed dynamics with attractive
nanoparticles is mainly attributed to the fact that
the polymer units in the ﬁrst interface shell feel the
structure of the surface very strongly and are largely
stuck in place [70]. This conclusion is consistent
with the older ﬁnding that the strength of the
interactions has little inﬂuence on the dynamics of
polymers near structureless solid surfaces [110]. In
this respect, the results obtained in Ref. [81] for the
mean-square displacement of the methylene units in
the presence of a silica nanoparticle are partly
unclear, since the mobility is reduced close to the
atomistic surface of the nanoparticle even though
the simulated systems are repulsive (only the
repulsive part of the LJ interactions is included).
However, considering that the calculations
are performed at very high pressures (4630 and
5000 bar) in order to obtain realistic densities and
that the mobility of the interface units decreases
with increasing the simulation pressure, it is not
unlikely that such high pressures and the detailed
atomistic nature of polymer and nanoparticle may
mimic the effects of slightly attractive interactions.
On the other hand, more recent coarse-grained MD
calculations performed with longer chains (80 units)
in Ref. [72] show that the mobility of the matrix
chains is enhanced with repulsive interactions and
reduced with strongly attractive interactions,
although the surface of the simulated nanoparticles
is perfectly smooth. The effect of strongly attractive interactions is attributed in Ref. [72] to a

much higher barrier for monomer exchange between the ﬁrst two interface shells, resulting in
longer residence times of the polymer units in the
ﬁrst interface shell when the interactions are
strongly attractive.
Smith et al. [126] investigated the behaviour of
F self ðq; tÞ for polymer melts between attractive
surfaces, both in the assumption of a ﬂat and of a
regular surface structure. The observed behaviour is
similar to that reported in Fig. 18(a). With the ﬂat
surface the probability distribution P(R) of the bead
self-displacement RðtÞ ¼ hjrk ðtÞ  rk ð0Þjik is close to
Gaussian, as it is with the bulk melt. A reference
index is deﬁned as
a2 ðtÞ ¼

3hRðtÞ4 i
1
5hRðtÞ2 i2

(24)

that vanishes in the Gaussian case. Labelling as tmax
the time corresponding to the maximum of a2(t), in
the structured case a2(tmax) is positive the more, the
stronger is the attraction strength of the polymer
beads to the surface centres (dynamic heterogeneity).
For strong attractions a two-peak structure of P(R)
may appear. In conclusion, compared with the bulk
melt, polymer dynamics between structured attractive surfaces is both slower and dynamically
heterogeneous, meaning that not all the displacements R(t) are equally probable ‘‘a priori’’. The
slower dynamics and increasing heterogeneity with
increasing strength of the polymer–surface attraction, especially evident for the structured surface,
resemble behaviour observed for polymer melts with
decreasing temperature, approaching the glass
transition. In this respect we point out that, in
comparison with the melt, the glassy state was
suggested to be accompanied by more restricted
rotational oscillations around the chain single
bonds [127–129]. Considering that smaller oscillations favour a more ordered arrangement of the
polymer beads, this theoretical result is consistent
with the increasingly ordered bead structure at
increasing attraction strength on the polymer layers
close to the structured surface [68,126].
McCoy and Curro [125] have investigated the
issue of the polymer glass transition in conﬁned
geometries starting from the assumption that its Tg
may be approximated by that of a corresponding
homogeneous bulk polymer at the same average
density. The polymer density oscillations produced
by a solid surface were described by the DFT
method. The wall–(polymer bead) interaction
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ranges from purely repulsive to strongly attractive.
They showed that the difference DTg between the
glass temperature of the polymer ﬁlm close to the
wall and in the bulk changes from negative to
positive on going from an air/polymer interface to
strongly attractive surfaces. Also, DTg changes
linearly with 1/H for large distances H between
parallel surfaces deﬁning a slab wherein the polymer
is included.
While McCoy and Curro [125] as well as others
considered solid surfaces with simple geometries
(ﬂat or spherical), Vilgis has recently provided an
overview of the reinforcement effects operating
when the surfaces have a certain roughness, which
can be described by a fractal model [21]. Equilibrium and dynamic properties of the adsorbed
polymer chains were considered separately in
[130,131]. By a variational calculation [51], they
analyse the transition from a slightly deformed
Gaussian polymer coil to an adsorbed localized
conformation where the polymer size perpendicular
to the surface does not depend on the chain length.
Following earlier work by Baumgärtner and
Muthukumar [132], they distinguish space heterogeneity on a rough surface, slightly affecting the
localization transition, from energetic heterogeneity
whereby the transition may be induced even at
vanishing mean interaction strength.
For a certain strength of the ﬁller activity the
chain dynamics appears glassy, as only local
motions are possible on a rough surface [131]. An
approximate estimate of the shift of the polymer
glass transition temperature is DT g / hD=b3 i2 ,
where the parameter D represents the typical volume
of holes on the surface, and b is the statistical
segment length of the chain.
In a related investigation on the sliding friction of
rubber networks on self-afﬁne rough surfaces [133]
Heinrich, Klüppel and Vilgis propose a dynamic
theory for a ‘‘Rouse slider’’ on a Brownian surface,
to describe the bulk polymer in the rubber–glass
transition region. They obtain a bell-shaped dependence of the friction coefﬁcient-proportional to the
friction force for a constant applied load—vs. the
logarithm of the friction velocity. The half-peak
width is generally larger than two decades and
increases with the number of sub-segments considered in the Rouse sliding model. It may be
interesting to compare these results with those
obtained by two of us [134] for the sliding friction
between two polymer surfaces. A polymer with
large rotational barriers around chain bonds was

713

considered and results were obtained within a
Rouse model of polymer dynamics, including
internal viscosity [135]. In order to make the results
applicable to the experimental data by Maeda et al.
[136] on modiﬁed polystyrene, a single value of the
wavelength specifying the undulations of the contacting surfaces was assumed. The half-peak width
of the friction force vs. the relative velocity of the
surfaces is about one decade, in agreement with the
experimental data [136]. It tends to broaden for
decreasing values of the rotational barriers, in
some analogy with the results by Heinrich et al.
(no internal viscosity) [133].
Features of these ﬁller-induced changes to the
polymer dynamics have been recently incorporated
by Sarvestani and Picu [137] in a rheological model
for polymeric melts with small particles. Here the
particle–particle distance is on the order of the chain
radius of gyration and the interaction of polymer
and ﬁller is assumed to be strong. This interaction is
implicitly accounted for by an enhanced friction
coefﬁcient at selected chains sites. Thus the model is
purely frictional in nature and the chain diffusion
essentially takes place by reptation, to account for
entanglement effects.
6. Overall viscoelastic response of polymer
nanocomposites
6.1. Introduction
Most of the current theories and simulations of
the overall viscoelastic response of polymer nanocomposites naturally fall into the mesoscopic
regime. In a ﬁlled elastomer, this represents the
length scale over which molecular details are
averaged out, but the material cannot yet be
considered as a homogeneous continuum. It is
intermediate between the molecular and the macroscopic scales. The former is the traditional realm of
the chemist intent on producing better materials by
(for example) clever functionalization of the polymer or the nanoparticles, and it is also the subject of
the molecular theories/simulations described in the
previous sections. The latter belongs to the mechanical engineer interested in testing the ﬁnal properties
of a reinforced elastomer or in designing a tyre
according to some given speciﬁcations. The mesoscale can be tentatively identiﬁed with the
10 nm–10 mm range, since this is the typical size of
the particles, of their aggregates and their average
separation at practical ﬁller loadings.
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A class of mesoscale models of ﬁlled rubber
behaviour is essentially phenomenological in spirit.
An example is the Kraus model [30]. Expressions for
the in- and out-phase components of the complex
modulus (m0 and m00 ) are derived from kinetic
equations for rates of breakup (Rb) and formation
(Rf) of particle–particle ‘‘contacts’’. Strain dependence (i.e., the Payne effect) is modelled by
assuming that these grow and decay as power laws
of the strain g:
Rb ¼ kb Ngm ;

Rf ¼ kf ðN 0  NÞgm ,

(25)

where kb and kf are rate constants, N is the number
of particle–particle contacts (N0 in the unstrained
state) and m is a constant. The in- and out-of-phase
moduli (in excess over those of the unﬁlled network)
are taken proportional to the number of existing
contacts N and to the rate Rb, respectively. Kraus
further assumed that, for a given amplitude and
frequency, a steady state is always established with
Rb ¼ Rf. One of the results of the model is the
identiﬁcation of a characteristic or critical strain gc:
 1=2m
kf
gc ¼
.
(26)
kb
Both the decay of m0 and the maximum of m00 are
predicted to occur around gc, in qualitative agreement with experiment. Heinrich, Vilgis and others
investigated further and reﬁned the basic Kraus
model. These advances have been reviewed in
Ref. [20]. One of the main results is that the m
parameter entering (25) and (26), evaluated from
experimental data for different elastomers and
carbon blacks, always takes values in the range
0.5–0.6. An explanation for the apparent universality of this parameter was provided by Huber and
Vilgis [18], who obtained m ¼ 0.66 by a scaling
analysis of the deformation of fractal ﬁllers described by statistical parameters appropriate to the
structure of common carbon blacks.
While the Kraus model and related approaches
are interesting and instructive—and indeed useful
by providing a theoretical framework for ﬁtting
experimental data—they also have shortcomings.
They start by assuming that particle–particle interactions represent the most important contribution
to reinforcement, and as a result they do not
discriminate clearly among different reinforcement
mechanisms. For example, it is conceivable that
Eqs. (25) might also describe the kinetics of
formation/breakup of polymer–ﬁller interactions,
rather than ﬁller–ﬁller bonds. Thus, the same

mathematics could actually describe some rather
different physics! For this reason, we believe that
more rigorous approaches are required to achieve a
ﬁrm understanding of reinforcement mechanisms.
These models may contain adjustable parameters,
but the physical signiﬁcance of these parameters
should be identiﬁed as clearly and as uniquely as
possible. The remaining part of this section is
devoted to this class of theories and simulations.
The basic starting point for most meso-scale
theories of the mechanical properties of ﬁlled
elastomers is represented by the Einstein relation
for the enhancement of the viscosity (Z) of a ﬂuid by
a dilute suspension of rigid spherical particles, or
equivalently Smallwood’s result for the increase in
the shear modulus (m) of an elastic solid by
incorporation of a small fraction of hard spheres
[138,139]:
Z ¼ Z0 ð1 þ 2:5fÞ;

m ¼ m0 ð1 þ 2:5fÞ,

(27)

where f is the particle volume fraction, Z0/m0 are the
properties of the ﬂuid/matrix, and Z/m those of the
suspension/composite.
The close similarity between Eq. (27) is not
accidental. In fact, the viscous and the elastic
problems are mathematically equivalent, since
under appropriate limiting conditions (slow creeping ﬂow and small deformations, incompressibility
of the ﬂuid and of the elastic matrix) there is a oneto-one correspondence between the Navier–Stokes
equation of ﬂuid ﬂow and the Lamè equation of
elasticity [138,139]. Further important assumptions
at the basis of Eq. (27) are (a) the no-slip boundary
condition for ﬂuid ﬂow, which translates into
perfect adhesion at the rubber–ﬁller interface in
the elastic case, and (b) perfect mechanical homogeneity of the two phases. It is important to remark
that, while incompressibility is always a good
approximation for a polymer melt or network
(the shear modulus is much smaller than the bulk
one) and the limit of slow and small deformations
leaves out several interesting phenomena (rubber is
used for its high deformability, after all) but
nonetheless may always be attained under appropriate experimental conditions, conditions (a) and
(b) may or may not hold in a polymer nanocomposite. First of all, unlike conventional ﬂuids, polymer
melts may display a ﬁnite wall slip when sheared
against a solid surface [140,141]. Intuitively, the
no-slip condition is expected to hold at small
deformations, especially for covalently bonded or
strongly interacting polymers and particles, or
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rough particle surfaces. A different problem arises
in this case, however. We have already discussed the
experimental and theoretical evidence for the
existence of a glassy rubber shell surrounding
reinforcing ﬁllers such as carbon back. Thus the
assumption of mechanical homogeneity of the two
phases breaks down in this case.
It is also important to be aware of the fact that,
even though the continuum picture should be
roughly correct ‘‘on average’’, it is possible to
envisage situations in which Eq. (27) will fail badly.
For example, consider a polymer melt of linear
chains with a zero shear modulus (at low frequencies), in which we disperse some nanoparticles. If the
polymer chains can bind irreversibly to their
surfaces (chemically or physically) and they are
sufﬁciently long to form a substantial fraction of
particle–particle bridges, the nanoparticles effectively become highly functional cross-links and we
obtain a rubbery solid with a non-zero shear
modulus [9,34,75]. Unfortunately, (27) always predicts m ¼ 0 when m0 ¼ 0. Clearly, the continuum
picture breaks down and the macromolecular
nature of the matrix is essential in this case. We
also point out that a decrease in viscosity produced
by the dispersion of spherical particles was recently
reported by Mackay et al. [142], for a special model
system (cross-linked polystyrene nanospheres in a
polystyrene melt). This is quite unexpected, since
Eq. (27) and its generalizations to high concentrations (to be discussed below) always predict an
increase of viscosity/modulus over those of the
embedding medium. The reason for the behaviour
are not fully understood, but a likely explanation is
the plasticization of a layer of polystyrene melt close
to the particles [142]. This is equivalent to a decrease
of the viscosity and of the glass transition temperature. Therefore, now it is the assumption of
homogeneity of the matrix phase, which seems to
be invalid.
6.2. Micromechanical models
When we consider a cross-linked network, the
matrix has a non-zero modulus and the continuum
represents a reasonable starting point, also in view
of the fact that the typical distance between
neighbouring cross-links is much smaller than the
average particle size (1–3 nm vs. 20–100 nm). Maintaining the equations of continuum mechanics as
the basic starting point, several generalizations of
Eq. (27) have been obtained. This ‘‘micromecha-
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nics’’ approach can be a mathematically sophisticated subject, but the ﬁnal results are often
expressed by simple equations. In fact, when
confronted for example with a new set of experimental data, it makes sense to attempt a ﬁrst-order
interpretation using the continuum mechanics
hypothesis, before going on to consider speciﬁc
molecular models to explain possible deviations
from the former. Thus, even though we do write
down most of these formulae, we hope to do a good
service by providing some relevant references and
encourage the interested readers—particularly those
with a polymer science background who might be
unfamiliar with this topic—to approach them.
Analytical results have been obtained for the
elastic moduli of the following model nanocomposites, in the limits of small deformations and dilute
particle concentrations (f-0):
(a) The particles may be deformable and the matrix
may have a non-zero compressibility (ﬁnite bulk
modulus). This solution, which includes (27) as
a special case, is probably too general for the
case of particle-ﬁlled elastomers, but might be
applied (for example) to the mechanical behaviour of a glassy or semi-crystalline polymer
toughened with microscopic droplets of a
rubbery polymer. See Ref. [138].
(b) The particles are perfectly rigid and the outer
matrix deformable, but the two are separated by
an interfacial shell of a different material of a
certain thickness D [144]. This model is obviously relevant for the mechanical properties of
the nanocomposites with a glassy polymer shell
surrounding the particles. When this shell is
much stiffer than the outer matrix, the main
effect can be simply described by admitting that
the particle radius R is replaced by an effective
radius (R+D). In other words, the particle
volume fraction f becomes an effective volume
fraction f(R+D)3/R3. Of course, for a ﬁxed
shell thickness, this contribution becomes increasingly important as the particle size gets
smaller.
(c) One possibility, which surprisingly has been
worked out only very recently, is the generalization to the mechanical properties of a
dilute suspension of perfectly rigid spheres in a
model viscoelastic liquid (the so-called secondorder ﬂuid or SOF) [145]. An analytical solution is obtained perturbatively in the limit
of ‘‘weak viscoelasticity’’ (i.e., for Deborah
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number De-0). Under simple shear, both the
real and imaginary components of the complex
viscosity (or, equivalently, of the complex
modulus) increase by a 2.5f factor, as expected
on the basis of (27). In addition, normal stress
differences appear, and are given by

fractions, Eq. (27) continues to hold, but with a
rescaled or effective volume fraction:


R3CB
RCB 3D
ﬃ fN ð3DÞ=D
feff ﬃ f 3 ﬃ f
aCB
NaCB

hN 1 i ¼ 2Deð1 þ 2:5fÞ


b 125 þ 10b
f
hN 2 i ¼ De 2 þ þ
4
28

Clearly, feff bf for large and highly branched
aggregates (Nb1 and D o3), thus producing a
very signiﬁcant increase of the elastic modulus.
This simple argument about the reinforcement
by fractal aggregates has been generalized also
to high ﬁller volume fractions by the application
of scaling laws [143] or multiple scattering
effective medium calculations [144]. These models generalize Eq. (30) by including also a
connectivity exponent C (also known as spectral
dimension) representing the degree of ‘‘branchedness’’ of an aggregate.

(28)

where b is a dimensionless parameter entering
the SOF constitutive equation. These results
were supported by experimental as well as
numerical data.
(d) Another possibility is the treatment of anisotropic particles such as prolate or oblate
spheroids, i.e., whiskers or platelets in the limit
of high/low aspect ratios. These may have a
totally random orientation or have their axes
aligned along a certain direction (producing in
this case a composite with anisotropic properties).
In the case of random orientation of hard particles in a soft matrix, both whiskers and platelets
are more effective than spheres in enhancing the
modulus, but the latter more so (for a given
volume fraction). See Refs. [138,139].
(e) In a typical carbon black sample (there are
actually several grades of carbon black), many
near-spherical primary particles of radius
aCB ¼ 50–100 nm’s are fused to give branched,
non-compact aggregates with average radius
RCBﬃ0.1 mm. Statistically, the structure of these
aggregates can be described as ‘‘fractal’’. In
particular, aCB and RCB are related by the
following scaling law:
RCB  aCB N 1=D

or

N  ðRCB =aCB Þ

D

(29)

where N is the average number of primary
particles within an aggregate and D is its ‘‘mass
fractal dimension’’. For several carbon black
grades Nﬃ102 and Dﬃ2.4–2.5 (i.e., signiﬁcantly
less than the value of 3 for compact objects).
The rubbery material that penetrates the void
space within the aggregates is shielded from any
external deformation, in analogy with the
hydrodynamic screening of the inner segments
of a polymer coil in a dilute solution. In other
words, a carbon black aggregate and the rubber
occluded within its branches behave as a single,
near-spherical solid object. Thus, while the true
volume of the aggregate is V ﬃ Na3CB , its
effective volume is V eff ﬃ R3CB . At low volume

(30)

Another set of generalizations of Eq. (27)
considers the behaviour at higher ﬁller loadings
(ﬁnite f). If we limit ourselves to the simpler
case of spherical particles, the effect of interparticle elastic interactions can be included in
several ways:
(f) One possibility is to solve the mechanical
problem of two spheres at ﬁnite distances, and
then use these results to obtain a second-order
correction. The result, ﬁrst obtained by Batchelor and Green and then by Chen and Acrivos in
a somewhat more general context, is
m ¼ m0 ð1 þ 2:5f þ 5:0f2 Þ.

(31)

Note that the older Guth–Gold result with a
14.0 coefﬁcient in place of 5.0 is still found
frequently in the rubber literature, but is now
known to be incorrect on theoretical grounds.
The shortcoming of this approach is that (29),
like (27) before it, is bound to become inaccurate at increasing volume fractions. The reason
is that many-particle interactions (threefold or
more) are neglected. As a consequence, the
modulus can be seriously underestimated by
(31). In fact, it predicts a ﬁnite value of it even as
f-1, when m should instead become inﬁnite
because of the assumption of perfectly rigid
particles. A simple correction to (29) which
remedies for this deﬁciency is [62,138]
m
1 þ 0:5f
¼
m0
1  2f

(32)
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This can be derived by a rational function
(Padé) approximation to Eq. (31). It agrees with
it to second order in f, but it also diverges to
inﬁnity for f-0.5, which happens to be close to
the maximum packing fraction for a random
arrangement of monodisperse hard spheres
[139]. Hence there is a certain justiﬁcation for
the divergence of m at this particular value.
(g) A multiple scattering effective medium approach has been developed by Freed et al.
[146–148]. As the name suggests, this approach
considers the ‘‘scattering’’ of the elastic deformation ﬁeld within the matrix by the surface of
rigid particles embedded within it. It avoids the
two-particle approximation by dealing with an
inﬁnite hierarchy of scattering events, but for
mathematical simplicity it neglects any correlation in the relative positions of the particles
(penetrable spheres). Tests of the theory against
experimental results on some metallic/ceramic
and polymer/glass composites support its general validity [148]. Huber and Vilgis have also
used a similar formalism to derive expressions
for the elastic modulus of an elastomer containing fractal ﬁllers, but do not provide comparisons with experimental data [144]. Thus, tests
on speciﬁc polymer–ﬁller systems should be
worthwhile, but to our knowledge this has not
yet been attempted.
(h) A totally different approach, which in principle
can be applied not just to composites with
spherical inclusions but more generally to any
sort of random heterogeneous material, consists
of using information on the ‘‘n-point correlation
functions’’ (statistical descriptors of the phase
distribution inside a material) to deﬁne increasingly stringent bounds (i.e., lower and upper
limits) on its elastic modulus. These correlation
functions can be extracted from a theoretical
model, from computer simulations, or from
experimental characterization of a speciﬁc material (imaging by electron microscopy, for
example). This approach is extensively reviewed
in the book by Torquato [139]. It will not be
discussed further, since we are not aware of any
attempts to apply it to the speciﬁc case of ﬁlled
elastomers.
(i) Finally, an approximate but ‘‘robust’’ approach
consists of neglecting particle–particle correlations by invoking some kind of mean-ﬁeld
approximation. The most successful attempt in
this sense is the ‘‘three-phase composite sphere
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Fig. 19. Comparison of different formulae for elastic modulus of
a composite with rigid spherical particles at volume fraction f:
Chen–Acrivos [Eq. (31)], Christensen–Lo [138,149,150] and Padé
approximation [Eq. (32)].

model’’ by Christensen and Lo (CL) [138,149].
The essential idea is that the many-particle
elastic problem is replaced by a simpler one, in
which a single particle is coated with a spherical
annulus of matrix phase (of radius chosen to
produce the correct volume fraction f), and this
composite sphere is then embedded in an
effective homogeneous medium representing
the rest of the composite. The elastic modulus
of this outer medium is identiﬁed with the
overall effective modulus of the composite, and
its value is the main objective of the whole
calculation. The ﬁnal result is a workable
(but still too involved to be reported here, see
also Ref. [150]) analytical expression for the
elastic modulus, which retains its usefulness also
at very large volume fractions. This is plotted in
Fig. 19, alongside (31) and (32) for comparison.
These three expressions agree up to fﬃ0.2. The
CL solution is always bracketed by the other
two and, unlike the Padé approximation (32), it
diverges to inﬁnity only when f-1. For this
and other reasons, it is believed to be more
accurate for a polydisperse system with a wide
distribution of particle radii.
Unfortunately, many of the previous generalization of (27) are mutually exclusive. It has
generally proved difﬁcult, if not altogether impossible, to obtain a closed analytical solution of the
mechanical problem when two or more of features
(a)–(e) are simultaneously included in the model,
and a solution valid at high ﬁller content is also
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Fig. 20. Scheme for the calculation of the effective modulus [150]: (a) each branched ﬁller aggregate is replaced by an effective sphere, with
volume fraction feff ¼ ff; (b) the many-sphere problem is replaced by the three-phase composite sphere model of Christensen–Lo.

sought [(f)–(i)]. As a result, one has to resort to
either judicious approximations or numerical techniques in order to obtain quantitative results.
As an example of the approximations which may
be introduced to deal with the combined effects of
an interfacial glassy layer [point (b)], complexshaped ﬁllers [point (e)] and many-particle elastic
interactions [points (f)–(i)], we brieﬂy describe the
work by one of us [150]. The essential elements are
illustrated in Fig. 20. In essence, a difﬁcult problem
is factorized in two easy steps. In the ﬁrst step, each
branched ﬁller aggregate is replaced by an effective
sphere, at an effective volume fraction feff ¼ ff.
The f factor, which is the only adjustable parameter
of the model, simultaneously accounts for the
presence of a glassy shell of thickness D [see point
(b)] and for the fractal structure of the ﬁller
[see point (e) and Eq. (30)]. In the second step, the
elastic modulus of the system is calculated by
replacing the complex many-particle problems by
the three-sphere composite-sphere model of Christensen and Lo [see point (i)]. The effectiveness factor f is
ﬁxed by requiring that the experimental and theoretical moduli coincide at a single volume fraction.
The result is shown in Fig. 21, where we compare
the experimental [26] and theoretical [150] values of
the small-strain shear moduli for increasing
amounts of N234 carbon black in a solution
styrene–butadiene rubber matrix (SSBR) at 0 1C.
The agreement is excellent up to 50 PHR, which
corresponds to a ﬁller volume fraction f ¼ 0.2 and
a tenfold increase in the modulus with respect to the
unﬁlled matrix. Instead, the model overestimates the
modulus above 60 PHR of ﬁller. This is expected,
since the replacement of the ﬁller aggregates by
effective spheres is a meaningful approximation
only below the ﬁller ‘‘overlap concentration’’
(deﬁned in analogy with polymer solutions [22]). It
is signiﬁcant that, if we identify this overlap
concentration with 60 PHR (i.e., the value of

Fig. 21. Comparison of the experimental data (Ref. [26], see also
Fig. 1) and theoretical prediction [150] for the small-strain elastic
modulus of an SSBR rubber ﬁlled with N234 carbon black at
0 1C. The amount of ﬁller is expressed in PHR units (grams of
ﬁller for 100 g of polymer).

loading at which the model starts to diverge from
the experiment), we ﬁnd that this corresponds to a
value of effective volume fraction feffﬃ0.6. This is
not too far above the maximum packing fraction of
0.5, for randomly dispersed monodisperse hard
spheres. Also, the model ﬁts equally well (or equally
badly) the small-strain elastic moduli of the same
composites at 70 1C. All that needs to be done is to
adjust the effectiveness factor, from f ¼ 2.69 at 0 1C
to f ¼ 2.42 at 701 (both are obtained from the
moduli at 30 PHR). Qualitatively, the decrease in f
is justiﬁed by the reduced thickness D of the glassy
shell on going to higher temperatures.
The previous result is important not only because
it offers a simple and accurate prediction of the
small-strain modulus up to practical ﬁller contents
using a single adjustable parameter, but also for its
implications on the interpretation of the reinforcement mechanism and the Payne effect. We
recall that, in the ‘‘textbook’’ interpretation of
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reinforcement, interparticle interactions are considered responsible for both the large values of the
small-strain modulus and its drop at medium-large
deformations. The fact that the elastic modulus can
be extrapolated from low up to relatively high
loadings without invoking additional reinforcement
mechanisms such as Van der Waals interactions
among the particles, means that these—although
certainly present—are probably not so important
after all. This immediately raises another interesting
question: if interparticle interactions are negligible,
what causes the drop in the modulus at mediumlarge strains? Several hypotheses have been put
forward, but so far none has been scrutinized by
rigorous theoretical or computational studies. We
shall return to this point later on, after discussing a
few more recent studies.
Gusev [151] has recently presented an interesting
application of the ﬁnite-element method (FEM)
[152–154] to obtain a numerical solution to a
speciﬁc micromechanical model of a rubber matrix
containing reinforcing ﬁller particles. This particular study contains two important elements of
novelty, compared to previous continuum mechanics approaches. First of all, unlike previous
models, which considered a two-phase system
formed by ﬁller and polymer matrix with constant
mechanical properties at their interior, Gusev
adopts a three-phase model by introducing also a
hard polymer shell of thickness D surrounding each
particle. The mechanical properties of each phase
are entirely determined by assigning the values of its
three constitutive parameters (in-phase shear modulus m0 , Poisson’s ratio n and loss factor tan d). The
thickness of the hard rubber shell is taken to be
0.04–0.12 times the particle radius, which corresponds to 2–6 nm for a typical radius of 50 nm. The
second important element of Gusev’s model is the
adoption of a special ﬁller morphology. Monodisperse spherical particles are positioned at the nodes
of a diamond lattice in such a way that they almost
touch each other (volume fraction 0.32). This is
clearly unrealistic compared to the disordered
experimental systems, but from a modelling perspective this choice helps to highlight the special role
played by the polymer shells bridging closely spaced
particles. After solving for the displacement ﬁeld
within the material undergoing a small macroscopic
strain by the FEM method, it is possible to calculate
both the overall m0eff and m00eff moduli of the
composite, and to identify the contribution to these
moduli from speciﬁc parts of it. The main result is
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that a 100-fold increase of both the storage and
dissipative moduli can be readily achieved even with
a very thin glassy shell. This should be compared
with the modest four-fold increase of these moduli,
computed for an analogous two-phase model with
zero shell thickness and predicted also by the
analytical solution of the three-phase model [138].
The second result is that most of the contribution to
both moduli is highly localized within a very small
fraction of material, in particular within the
portions of the glassy shells bridging neighbouring
particles.

6.3. Mesoscale bead-and-spring models and the
electrostatic analogy
The continuum mechanics theories and FEM
simulations discussed so far are based on the laws of
linear elasticity and deal only with the range of
small deformations. This is an obvious limitation,
since we are ultimately interested in explaining the
non-linear behaviour of ﬁlled elastomers at large
deformations. Continuum mechanics theories and
simulations methods can indeed be set up to treat
this more general situation. See Refs. [155–159] for
some entry points to this literature. Unfortunately,
these approaches tend to highly specialized and
mathematically involved and, most importantly,
physical effects originating from the macromolecular nature of the matrix or from speciﬁc interactions
at the rubber–ﬁller interface are either neglected or
obscured by the formalism.
An alternative attempt to achieve a substantial
but physically sound simpliﬁcation of the problem
was made some time ago by two of us. It led to the
formulation of a ‘‘mesoscopic bead-and-spring’’
(MBS) model of a rubber matrix ﬁlled with rigid
spherical particles. As the name suggests, in this
model the particles are represented by beads
interacting by a certain potential, whereas the
rubber matrix is effectively replaced by a set of
harmonic springs connecting pairs of neighbouring
particles. In other words, the total potential energy
of the nanocomposite is written as
UðR1 ; . . . ; RN Þ ¼ U int ðR1 ; . . . ; RN ÞþU el ðR1 ; . . . ; RN Þ
(33a)

U int ðR1 ; . . . ; RN Þ ¼

N
X
ioj

U ij ðjRi  Rj jÞ

(33b)
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N
1X
K ij ðRi  Rj Þ2
2 ioj

(33c)

Here, the Ri vector contains the coordinates
of the centre-of-mass of particle i. For simplicity,
in our simulations we have adopted a simple
pairwise hard-core potential for the interaction
between monodisperse spherical particles of diameter D:
(
1 for jRi  Rj jpD
U ij ðjRi  Rj jÞ ¼
(34)
0
for jRi  Rj j4D
Note, however, that more general interaction
potentials including an attractive tail for the van
der Waals interactions among the particles could be
easily implemented. This is a clear advantage over
continuum mechanics approaches, which simply
neglect all long-range interactions by writing the
total energy as the space integral of the product of
local stress and strain ﬁelds.
The other appealing feature of the MBS model is
the simple and intuitive expression for the elastic
energy entering Eq. (33). Note that the springs have
zero equilibrium distance. This is consistent with the
general theory of phantom polymer networks
(viewing the particles as a special sort of highly
functional, slowly ﬂuctuating cross-links). The overall ‘‘collapse’’ of the spring network is prevented by
enforcing the constant-volume constraint. With
the appropriate choice of the force constants
(see below), we ﬁnd that the forces exerted on
particle i by the neighbouring particles j add up to
zero when the particles’ coordinates are close to
those used to assign their values (i.e., the positions
‘‘at cross-linking’’ almost coincide with the ﬁnal
equilibrium position). Incidentally, Long and Sotta
[163] have recently proposed a similar model, but
with some important differences. Instead of computing the force constants from the particle’s initial
positions, they simply set all the force constants to
the same value (within a certain pre-deﬁned cutoff
distance). Also, their springs have a non-zero
equilibrium length, which is identical for all pairs
of connected particles.
The main problems associated with the MBS
representation of the ﬁlled rubber elasticity may be
summarized as follows:
(a) the question of how the elastic energy expression
can be justiﬁed, and if this is so under which set
of assumptions;

(b) the deﬁnition of a criterion or computational
algorithm for the assignment of the values of the
force constants Kij;
(c) whether the model is complex enough to capture
the main phenomenology of rubber reinforcement and, if that is not the case, how it can be
generalized so as to achieve this.
We will ﬁrst discuss (a) and (b), and leave point (c)
to the closing paragraphs of this section.
Concerning point (a), we have provided a
justiﬁcation for Eq. (33) by invoking an analogy
between the mechanical behaviour of a polymer
network inglobating perfectly rigid, non-rotating
particles and the electrostatic problem of charged
metallic particles separated by a dielectric medium.
The analogy relates the following pairs of mechanical/electrostatic quantities:
force density f 3charge density r
displacement u3potential j

(35)

2 ðshear modulusÞ 2m3dielectric constant 
Unlike the analogy between elastic and hydrodynamic problems—which is exact under certain
limiting conditions (slow incompressible ﬂuid
ﬂow, etc.)—this is only approximate. We originally
derived it by comparing the rules for in-series and
in-parallel combination of phantom polymer chains
(mechanical problem) and of capacitors (electrostatic problem). However, it can also be justiﬁed by
a continuum argument, without any reference to the
macromolecular structure of the elastic matrix.
Compare for example the displacement ﬁeld produced by a point force and the electrostatic
potential produced by a point charge at the origin
[i.e., the Green’s functions for f ¼ Fd(r) and
r ¼ Qd(r)]:
uðrÞ ¼

ð1 þ nnÞ
F
8pmr

(36a)

jðrÞ ¼

1
Q
4pr

(36b)

where 1 is the identity matrix, r ¼ |r| and n ¼ r/r
[for simplicity we have specialized (36a) to the case
of an incompressible material]. Note that both are
long-range interactions, since they decay as r1.
The electrostatic analogy can be ﬁnalized to the
speciﬁc case of rigid particles in a rubber matrix, by
noting that all the points within the particles will
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always undergo the same displacements, provided
these are not allowed to rotate (probably not a
critical assumption in the case of spherical ﬁllers).
According to Eq. (35) this corresponds to a constant
electrostatic potential within the particles. Alternatively, a perfectly rigid particle has an inﬁnite shear
modulus, which corresponds to an inﬁnite dielectric
constant. By either argument, we see that the rigid
particles correspond to conductors in the electrostatic model. It can then be shown [160–162] that
the quadratic expression for the electrostatic energy
of a systems of N conductors at potential ji.
U¼

N
1X
C ij ji jj
2 i;j¼1

(37)

almost directly translates into the elastic energy
(33c) (the derivation
P exploits the ‘‘full screening’’
condition C ii ¼  jai C ij , which is achieved in the
limit of an inﬁnite system). The Kij force constants
of the mechanical problem are simply related to the
Cij induction coefﬁcients of the electrostatic one:
K ij ¼ K ji ¼ C ij ¼ C ji

ðiajÞ

(38)

Their relationship can also be appreciated by
comparing the following linear relationships between
particle charges/potentials and forces/displacements:
Qi ¼

N
X

C ij jj

(39a)

j¼1

Fi ¼ 

N
X

K ij Duj

(39b)

j¼1

Incidentally, we point out that a related electrostatic
analogy has been invoked with similar justiﬁcations
by Douglas et al. [164] to compute the translational
diffusion coefﬁcient of complex-shaped nanoparticles in a viscous ﬂuid (the single-particle hydrodynamic radius corresponds to the electrostatic
capacity in this case).
The electrostatic analogy also provides an answer
to point (b), by establishing a route for the
determination of the force constants. According to
(38), these are essentially the induction coefﬁcients
for a system of conductors, placed at the particle
positions ‘‘at the time of cross-linking’’ (which is
assumed to be instantaneous). These are obtained
from the solution of the linear system (39a), using a
multipole representation for the (inhomogeneous)
charge distribution at the particle surfaces and the
electrostatic ﬁeld produced by them. An example of

Fig. 22. Dependence of the pairwise force constants of the MBS
model on the interparticle distance at cross-linking, for a system
of randomly dispersed hard spheres at volume fraction f ¼ 0.1.
D and K0 are the particle diameter and a normalizing force
constant, proportional to the product of matrix modulus and
particle diameter. Redrawn with permission from Raos et al.
[161], copyright (2002) of Elsevier Ltd.

the results obtained in this way is given in Fig. 22,
for a systems of randomly dispersed spherical particles at volume fraction f ¼ 0.1. It can be seen that
the individual force constants decay in a roughly
exponential way with the interparticle distance
(where the ‘‘screening length’’ diminishes with f),
but there is also a certain scatter in the force
constants arising from the details of the local particle environments (neighbouring third particles).
The force constants and the induction coefﬁcients
have one further interesting interpretation. This
arises from yet another analogy, between the
Poisson equation of electrostatics and the steadystate diffusion equation:
r
r2 j ¼ 
(40a)

s
(40b)
D
where n is the concentration of Brownian particles
undergoing diffusion (let us call them RWs, for
Random Walkers), s is the local rate of creation or
annihilation (depending on the sign) of RW’s, and
D is the local diffusion coefﬁcient. Thus, (35) may
be complemented by the exact correspondence
rules:
r2 n ¼ 

creation=annihil: rate s3charge density r
concentration n3potential j
diffusion coeff: D3dielectric constant 

(35b)
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In the diffusion problem, the rigid/conducting
particles correspond to regions of space with an
inﬁnite (or very large) diffusion coefﬁcients. The
RW concentration is constant within these regions.
Let us also assume that the RW’s are created/
annihilated only at the surface of these particles
(in analogy with the change distribution of
conductors). Then (39a) and (39b) translate into:
Si ¼

N
X

C ij nj

(39c)

j¼1

where nj is the RW concentration within particle j,
Si is the overall rate of RW creation/annihilation on
the surface of particle i, and the Cij’s are identical to
the induction coefﬁcients, but with a different
interpretation. A little reﬂection shows that their
absolute values are proportional to the probability
that a RW created at i diffuses until reaching
another particle j, at which point it is annihilated.
Thus, because of the one-to-one mapping between
random diffusion problems and the statistics of
phantom chains, the Cij’s are also proportional to
the number of polymer bridges connecting the two
particles. In principle, their values could be obtained
from simulations of long phantom chains, similar to
those described in the ﬁrst part of this review.
The small-strain elastic moduli under shear or
elongation can be readily calculated by taking the
appropriate second derivative of the energy (33a),
assuming a constant volume, afﬁne particle displacements and neglecting particle–particle interactions for the moment. The overall soundness of the
MBS model and the reliability of the force constants
associated with it through Eq. (38) is demonstrated
by the fact that the dependence of the elastic
modulus on particle volume fraction is consistent with Eq. (27) and its extensions [our data
for fp0.3 are nicely ﬁtted by m=m0 ¼ 1 þ 2:5fþ
5:0f2 þ 14:0f3 ]. Also, as already remarked above,
the particle positions which minimize the elastic
energy are very close to those ‘‘at cross-linking’’
(i.e., the coordinates used in the solution of the
electrostatic problem).
The behaviour of the MBS models at large
deformations—including also the effect of interparticle interactions (33b)—can be studied by any of
the standard particle-based simulation methods.
We used a Monte Carlo procedure, in which
random single-particle displacements are alternated
with collective stretching/compression moves whose
acceptance depends on an applied external force

(thus, they are essentially constant-stress MC
simulations). Our MC simulations, demonstrated
that the equilibrium stress–strain curves of the ﬁlled
networks closely follow the same law of the
reference embedding matrix (unﬁlled phantom network), as if the particle–particle interactions were
absent:
s ¼ mðl  l2 Þ

(40)

Also, this result is substantially independent of
amount of particle ﬂuctuations about their equilibrium positions (their mean-square displacements
are proportional to the absolute temperature and
inversely proportional to the force constants, which
depend in turn on the product of particle radius and
matrix modulus). This is quite unexpected, since we
do observe large deviations from afﬁnity produced
by the hard-core interactions (34) among the
particles, due to their ‘‘collisions’’ perpendicularly
to the direction of stretching. A different, more
complex deformation mode might highlight more
clearly the effect of particle non-afﬁnity on the
stress–strain curves, but we did not explore this
possibility.
Long and Sotta [163] simulated the dynamical
behaviour of their MBS system under oscillatory
shear by a simpliﬁed dissipative particle dynamics
(DPD) method (in fact, because of these simpliﬁcations it is more similar to conventional Brownian
dynamics (BD)). Their computational experiments
evidence elastic as well as plastic behaviour at large
deformations. The plastic deformations are associated with permanent or very slow-healing changes
in the structure of the material, which they identify
with irreversible non-afﬁne particle displacements
produced by the unlocking of jammed particle
conﬁgurations. Clearly, this is in contradiction with
our own ﬁndings, in which the stress–strain curves
are almost trivial and perfectly reversible. However,
it is also true that while the basic physical models
are similar, their results are not directly comparable
to our own, due to a number of important details
such as the differences in the representation of the
elastic forces and to the different simulation method
employed. More work is clearly required to
reconcile these two sets of results.
Finally, we come to discuss point (c), which we
had anticipated, namely whether the MBS model
is complex and general enough to deal with
the essential features of rubber reinforcement. The
apparent disagreement between our own and the
Long–Sotta ﬂavours of it means that it is probably
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premature to draw any deﬁnite conclusion, but we
attempt anyway a brief discussion. The greatest
strength of the MBS model is that, with the right
choice of the force constants, it can reproduce one
basic continuum mechanics result (the f-dependence of the modulus) and extend it to large
deformations with a conceptually simple machinery.
Dealing with more general deformation modes or
possibly anisotropic particles undergoing rotations
might require the introduction of tensorial force
constant Kij, in place of scalar ones Kij. Obviously,
the electrostatic analogy is no longer of use in this
case, but one should probably go through the FEM
solution of the full elastic problem to obtain the
Kij’s (see for example [165]).
We have also seen that even the most accurate
micromechanics results generally fail to reproduce
some basic phenomenology of reinforcement, unless
adjustable parameters or additional assumptions are
introduced (see e.g., [150,151]). The same criticism
could thus be extended to the MBS formulations
explored so far. The fact that the ﬁlled rubber
modulus decreases while that of the unﬁlled rubber
matrix increases with temperature, means either that
the assumption of phase homogeneity must be given
up (because of the glassy rubber shell) or some
important enthalpic contribution is at work, in
addition to the entropic elasticity of the polymer
network. Enthalpic elasticity could be introduced in
the form of a more realistic particle–particle interaction model, including attractive or even tangential
(i.e., friction) forces, in addition to the excludedvolume interaction (34). The effect of the glassy shell
and the ﬁnite extensibility of the polymer chains
could be modelled by non-linear elastic springs.
Finally, the history- and strain-dependence of the
material properties (Mullins and Payne effects) might
be partly explained by the particle jamming/unjamming phenomena which have already been observed
in the version of the MBS model by Long and Sotta,
but might also require admitting some historydependence of the force constants themselves. Of
course, there are also potential disadvantages in
carrying out this programme, since some of these
corrections would be necessarily empirical and they
would imply a loss in the appealing simplicity of the
original model.
6.4. Non-equilibrium molecular dynamics simulations
We ﬁnally turn to the simulation schemes in
which the macromolecular nature of the matrix
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material is explicitly taken into account. There are
two main approaches to the calculation of the
viscosity (or the elastic modulus) of a molecular
system [64,166]. The ﬁrst one involves the evaluation of the time-integral of the stress autocorrelation
function from a conventional equilibrium MD
simulation (Green–Kubo relation):
Z 1
V
Z0 ¼
hsab ðtÞsab ð0Þi dt ðab ¼ xy; xz; yzÞ.
kB T 0
(41)
The instantaneous value of the stress tensor is the
sum of a kinetic (ideal gas) term and a virial term
for the pairwise interactions among all the atoms:
(
)
X
1 X
sab ¼
mi via vib þ
rija f ijb .
(42)
V
i
ioj
The other approach, usually called non-equilibrium
molecular dynamics (NEMD) [166], requires the
explicit application of a shear velocity proﬁle
through the so-called Lees–Edwards or ‘‘sliding
bricks’’ boundary conditions:
hvx ðzÞi ¼ g_ z

(43a)

where g_ is the (constant) shear rate. Much as in an
actual experiment, the steady-state viscosity then is
obtained by recording the average stress and
computing the ratio:
Z¼

hsxz i
g_

(44)

Thermostatting is a crucial issue in NEMD simulations, since mechanical work is continuously fed
into the system through the applied shear ﬁeld (43),
and therefore heat has to be removed by the MD
thermostat in order to keep the temperature stable.
These two approaches to the viscosity of homopolymer melts have been pursued by Kumar and
coworkers [167] and by Kröger and Hess [168],
respectively. Applications to ﬁlled nanocomposites
have been given by Smith et al. [70] and by Sen et al.
[75] using the equilibrium Green–Kubo approach,
and by Kairn et al. [74], Pryamitsyn and Ganesan
[170] and Raos et al. [171] using variants of the
NEMD method. A detailed comparison of the
methods has been presented by Vladkov and Barrat
[169] for homopolymer melts. We are not aware of a
similar comparison for polymer nanocomposites,
but some general rules about their relative strengths
and weaknesses can already be drawn. The Green–
Kubo relations provide an estimate of the viscosity
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as a simple by-product of a standard MD simulation. However, only the linear response can be
obtained in this way (zero-shear viscosity Z0). The
non-equilibrium approach mimics closely the actual
rheological experiments and allows to explore also
the non-linear regime (e.g., shear-thinning at high
deformation rates). A separate simulation is required for different shear rates (and amplitudes),
and there can be large uncertainties on the zeroshear viscosity due to the small values of the stress
at low shear rates (Z-Z0 for g_ ! 0). Very long
simulations are generally required to obtain reliable
statistics by either method, sadly conﬁrming the
general observation that ‘‘there are no free
lunches’’.
Having already presented some results from the
equilibrium simulations in Sections 3 and 5 [70,75],
here we concentrate on the discussion of the NEMD
studies. Kairn et al. [74] adopted a ﬂexible chain
model with 20 LJ sites of diameter s, with a rms
radius of gyration Rg ¼ 2.219s. The particles have a
diameter d ¼ 2.2254s, i.e., roughly equal to the
average chain radius and only twice the size of a
chain monomer, and have a range of volume
fractions up to 0.30. All interactions among the
monomers and the particles are purely repulsive,
being truncated at the minimum of the LJ potential.
These authors observe a plateau in the effective
viscosity at low shear rates (smaller than the inverse
of the Rouse relaxation time of the matrix chains)
and shear thinning at higher rates. Both the zeroshear viscosities and the rate of shear thinning
increase with ﬁller content, in qualitative agreement
with several experiments and continuum mechanics
predictions. Quantitatively, the amount of this
viscosity increase is not as large as expected. The
authors identify at least two possible reasons for the
relative modest effect of the particles. The ﬁrst one
is that the repulsive nature of all the interactions.
Also Smith et al. [70] had shown that a system with
repulsive polymer–ﬁller interactions has a lower
zero-shear viscosity than one with attractive interactions, other things being equal. The second reason
is the very small size of the particles: if these were
only slightly smaller, equal to individual chain
beads, they would behave as solvent molecules or
plasticizers. Hence, the particle radius chosen by
Kairn et al. [74] is likely to fall within a cross-over
region, between a solvent-like regime (viscosity
decreases with particle content) and a ﬁller-like
regime (viscosity increases with particle content).
These results might also be relevant to explain the

non-Einstein-like behaviour described by Mackay
et al. [142].
Pryamitsyn and Ganesan [170] and Raos et al.
[171] independently adopted the DPD method
[172,173] to conduct their simulations. DPD differs
from other coarse-grained methods in two respects:
type of interaction potentials and the use of a
particular thermostat (incorporated in the MD
equations of motion). The DPD beads interact
by purely repulsive and very soft potentials
(the interaction energy has a ﬁnite positive value
at zero distance). As a consequence, in DPD it is
possible to use relatively long time steps, and
equilibrations is particularly easy. On the other
hand, there are also potential disadvantages: the
DPD model shows no glass transition even at low
temperatures, and there are no entanglements
among the polymer chains since these may pass
freely through each other. The DPD method also
uses a special sort of thermostat, which is apparently similar to BD because it involves a combination of friction and stochastic forces. Unlike BD, it
has the important property of being ‘‘Galileian invariant’’ or ‘‘momentum conserving’’, which makes
it particularly suitable for non-equilibrium simulations. In one set of simulations, the polymer matrix
is a melt of linear chains of Np ¼ 8–96 beads [170],
whereas in the other work the matrix is a fully crosslinked network [171]. Both probe the viscoelastic
response of the nanocomposites by oscillatory shear
NEMD simulation, in which (43a) is replaced by
hvx ðz; tÞi ¼ zg0 o cosðotÞ

(43b)

where g0 and o are the amplitude and angular
frequency, respectively. Results are presented in
terms of the in- and out-of-phase components of the
shear modulus (m0 and m00 ), representing elastic and
dissipative effects, and their ratio tan d ¼ m00 /m0 .
In their simulations, Pryamitsyn and Ganesan
[170] report evidence of both particle-induced
distortions of the strain ﬁeld (i.e., generic hydrodynamic effects, captured also by continuum
mechanics) and modiﬁcations of the intrinsic polymer-relaxation dynamics (included in the DPD
equations through and enhanced polymer–particle
friction coefﬁcient). These results are somewhat
expected, on the basis of our previous discussion of
other simulations. The most interesting aspect of
their results is the identiﬁcation at high particle
loadings (volume fraction f ¼ 0.5) of: (a) a lowfrequency plateau in the elastic modulus, indicative
of solid-like behaviour even in the absence of
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Fig. 23. Fully dispersed (left) and fully aggregated (right) morphologies of ﬁller particles at f ¼ 0.2 investigated in the DPD simulations of
Ref. [171]. The polymer matrix is pictured in green. The particles are pictured in red and blue, corresponding to different types of ﬁller
atoms (chemically heterogeneous particles were considered in a subset of the simulations).

polymer cross-links, and (b) a very large enhancement of m0 at this plateau, compared to low particle
loadings (by one, sometimes almost two orders of
magnitude). These authors ruled out the former two
effects (hydrodynamic and polymer–particle interactions) as the main source of reinforcement in this
case. Instead, they identiﬁed particle jamming as the
main contribution at such high loadings. Indeed,
f ¼ 0.5 is very close to the critical volume fraction
for the observation of a glass transition in a system
of monodisperse hard spheres [139]. There is also a
close analogy between this conclusion and those of
Long and Sotta, obtained with their bead-andspring model [163]. As a note of caution, however,
we also point out that these simulations were
obtained at relatively high frequencies. Since
jamming and the glass transition are rate-dependent
phenomena, it would clearly be desirable to conﬁrm these conclusions using slower deformation
cycles.
In search of an explanation for the Payne effect,
Raos et al. [171] explicitly explored the straindependence of the elastic response of a ﬁlled,
cross-linked network. Thus, they conducted their
simulations at g0 values comprised between 0.025
and 0.80 (i.e., 2.5% and 80%) and two different
frequencies. The simulations considered systems
with different morphologies, between the fully
dispersed to the fully aggregates extremes (see
Fig. 23), always keeping the particle volume fraction
at f ¼ 0.2. Particle jamming phenomena should be
unimportant at this loading level. The relative
strength of the polymer–ﬁller interactions was also

Fig. 24. In-phase shear moduli as a function of shear amplitude,
from DPD simulation of ﬁlled networks with different degrees of
particle dispersion. The ‘‘dispersed’’ and ‘‘aggregated’’ systems
correspond to those represented in Fig. 23. The shear frequency is
n ¼ 2po ¼ 104 (in reduced ‘‘DPD units’’). Redrawn with
permission from selected data in Ref. [171], copyright (2006) of
the American Chemical Society.

changed in some simulations, thus producing
different effective particle–particle interactions.
Representative results from these simulations are
given in Fig. 24, containing the effective straindependent moduli m0 as a function of the maximum
strain amplitude g0, for systems with different
degrees of particle aggregation. The reference
unﬁlled network has a fully linear response, resulting in a strain-independent modulus. This agrees
with all the experimental observations. Also the
system with fully dispersed spherical particles has a
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strain-independent modulus. Their ratio, equal
to about 1.9, is close to the prediction of the
Christensen–Lo or other continuum mechanics
models [138], for spherical ﬁllers at f ¼ 0.2. The
fully aggregated system has virtually the same smallstrain modulus as the fully dispersed one. This can
be understood by recognizing that we now have a
sample with compact quasi-spherical aggregates,
which at small strains behave as single quasispherical particles. At larger strains, instead, these
aggregates can be substantially deformed or possibly even broken. This produces a signiﬁcant
(and quite unexpected) non-linear response that
we might deﬁne anti-Payne: the effective modulus is
an increasing function of deformation, so that we
have a strain-hardening material. A behaviour
resembling the conventional Payne effect is observed for intermediate morphologies, in which the
particles form more loosely connected, somewhat
open and branched clusters. The small-strain
modulus is signiﬁcantly larger (by a 2.5 factor over
the unﬁlled network) and this modulus decays with
increasing deformation amplitude (strain softening).
Note, however, that the agreement with experiment
is only qualitative: the decay of the modulus is
modest (10%, roughly) compared to the order-ofmagnitude drop described in Section 2.
The main conclusion emerging from these simulations [171], is that particle–particle interactions
can indeed produce a certain non-linearity in the
response of a ﬁlled polymer network. However,
both the sign and the magnitude of these nonlinearities do not seem to agree with the hypothesis
that these interactions dominate the elasticity of
these materials, as implied by the original interpretation by Payne and the subsequent Kraus model
(including its generalizations). Some additional
features, such as entanglements, glassy dynamics,
ﬁnite chain extensibility or bonding/debonding
mechanisms at the rubber ﬁller interface will
probably need to be included within the model, in
order to capture fully these non-linearities.
7. Conclusions and perspectives
The ﬁeld of polymer-based nanocomposites is
currently undergoing an explosive growth, involving
both an improvement of ‘‘classic’’ properties
(elasticity, toughness) and a development of multifunctional materials for entirely new applications
(photovoltaic devices, for example) [4]. Our own
interest in polymer nanocomposites was originally

motivated by the need to understand the origin of
reinforcement of elastomers by active ﬁllers, such as
carbon black and silica. This is a long-standing
problem, which has gained new impetus from the
combination of experimental, theoretical and computational efforts.
Reinforcement actually involves both a substantial increase in the elastic modulus at small strains
(linear regime) and a dramatic non-linear response
of the material at medium-large strains. For a long
time, discussions on the interpretation of these
effect have revolved about the relative importance
of particle–particle and polymer–particle interactions [1,20,23,31]. It seems that we are at last
approaching a consensus, at least on the mechanisms of the small-strain linear response. Good
adhesion of the polymer at the ﬁller surface is
certainly important to achieve good mechanical
properties. Strong polymer–particle interactions can
actually produce a shell of glassy polymer (sometimes a few nm’s thick), which signiﬁcantly enhances the ‘‘effective’’ ﬁller volume fraction
compared to the ‘‘true’’ one when the particles are
nano-sized [26,35]. This shell and the polymer
dynamics within it have also been studied theoretically and computationally. On a smooth surface
(ﬂat or spherical), an increase of the glass transition
can be justiﬁed by an enhanced average density of
the polymer segments, within a few bead diameters
from it [67–70,80,99,125]. A rough surface may
disrupt this orderly packing of segments, but an
increase in Tg may still arise from the kinetic
trapping of the chains within holes of suitable
size [21,131].
Our emphasis on the polymer–particle interface
does not imply that particle–particle interactions are
unimportant. Quite the opposite. However, they are
probably different from the ‘‘direct’’ interactions
originally envisaged by Payne, because they are
actually effective interactions transmitted and
mediated by the intervening polymer [113]. While
in a small-molecule liquid an increase of matrix–
particle interactions necessarily decreases particle–
particle interactions (it is easier to separate two
particles if the surrounding liquid wets them), in a
polymeric liquid matrix–particle interactions may
actually strengthen particle–particle interactions
through the formation of bridging chains. This
simple qualitative concept has been demonstrated
by a calculation of the potential of mean force
between two particles in an polymeric liquid and the
corresponding phase diagram, showing that a stable
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dispersion is achieved only if the polymer–particle
interaction is neither too large not too small [114].
Today, the heat of the argument seems to have
shifted to a different level, namely about the ‘‘right’’
level of coarseness in the description. In other words,
whether molecular or continuum models are more
appropriate. To a certain extent, this is a matter of
taste and people have taken sides on the basis of
their previous cultural background (e.g., polymer
science or mechanical engineering), rather than solid
scientiﬁc evidence. One of the aims of this review
was to stimulate the discussion by starting to ﬁll up a
cultural gap, without trying to identify a ‘‘winner’’ of
the argument. A macromolecular picture is certainly
necessary in the case of nanoparticle dispersions in
polymer melts. The liquid-to-solid-like transition
observed in these systems, including its dependence
on particle concentration and polymer molecular
weight, can be explained in a simple way only by
admitting the formation of long-lived polymer
bridges connecting two particles [32,34,37]. Such
bridges have indeed been observed and their
statistics studies also by computer simulation
[77,82]. Note, however, that polymer bridges are
ill-deﬁned in a fully cross-linker polymer matrix,
so that a simpler multiphase continuum picture
(ﬁller, elastomer and interfacial shell) may be
preferable in this case [35,151]. From a computational (i.e., rather pragmatic) point of view, it may
be that in the end it will be necessary to take an
entirely different approach [162] or exploit the best
of both worlds, by interfacing MD or MC simulations of the rubber–ﬁller interface with a FEM
description of the bulk polymer region away from it.
At the time of writing, unfortunately, no one quite
knows how to set up and carry out such multi-scale
simulations in a general and reliable way.
While there is a certain consensus on the
mechanisms of reinforcement at small strains, the
interpretation of strain softening at large deformations (Payne effect) is still a largely open problem,
even though several interesting suggestions have
been put forward [33,36,37]. The application of both
molecular- and continuum-level simulations is not
straightforward in this case. Non-equilibrium molecular dynamics simulations of coarse-grained
models have already provided some insights
[74,170,171]. However, the models used so far are
still too simple to reproduce the main effects. Thus,
they need to be modiﬁed and made more realistic by
introducing new features (roughness of the particles
or possibility of detachment of polymer chains from
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their surfaces, for example). All this has to be done
carefully, to keep the problem tractable and the
results interpretable. It might also be necessary to
address more fundamental problems in molecular
simulations, such as testing and perhaps devising
better thermostats for non-equilibrium dynamics to
avoid possible artefacts.
In summary, theory and simulation have recently
played an important role within the ﬁeld of
polymer-based nanocomposites. We hope to have
shown that there are still plenty of interesting
problems and open challenges waiting to be taken
up. Progress will be possible through an even closer
integration of experiment, theory and computational approaches.
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